AGMON-TYPE ESTIMATES FOR A CLASS OF JUMP PROCESSES

MARKUS KLEIN, CHRISTIAN LEONARD AND ELKE ROSENBERGER

ABSTRACT. In the limit &€ — 0 we analyze the generators H. of families of reversible jump processes
in R? associated with a class of symmetric non-local Dirichlet-forms and show exponential decay of the
eigenfunctions. The exponential rate function is a Finsler distance, given as solution of a certain eikonal
equation. Fine results are sensitive to the rate function being %2 or just Lipschitz. Our estimates are
analog to the semiclassical Agmon estimates for differential operators of second order. They generalize
and strengthen previous results on the lattice Z<.

1. INTRODUCTION

We derive exponential decay results on eigenfunctions of a family of self adjoint generators H., € €
(0, 0], of (substochastic) jump processes in R? in the limit ¢ — 0. The jump processes are associated
with non-local Dirichlet forms on the real Hilbert space L?(R%):

HyPOTHESIS 1.1 Let &, € € (0,¢0], be a family of bilinear forms on L?(R%, dx) with domains Z(E.) given
by
1
£.(u,v) = f/ dm/ (u(z) — u(@ + e3)(0(z) — v(@ + e9)) Koz, dr) + | Ve(@)ul@)o(z) dz (1.1)
2 Jpa R4\ {0} Rd
(&) = {u € LA(R?, dx) | £ (u,u) < oo},
where for all € € (0, &)
(a) V.(z)dx is a positive Radon measure on R?
(b) forx € RY, K_(x, .) is a positive Radon measure on the Borel sets B(R%\ {0}) satisfying
(i) K.(x,E) < oo for all E € B(R%\ {0}) with dist(E,0) > 6 > 0
(ii) fl7|§1 |7|?Ke(x, dvy) < C locally uniformly in x € R?
(iii) K.(x,dy)dz is a reversible measure on Y := R% x R%\ {0} in the sense that for all non-
negative ¢, € 6o(RY)

/ o(z + ey)(z)Ke(x, dy) de = / d(x)Y(x + ev) Ko (z, dy) dz . (1.2)
Y Y

We shall formally denote the reversibility condition (|1.2) as
Ks(xa d’Y) dx = K&(x + €Y, _d’Y) dx ’ (13)

where the right hand side denotes the Radon measure on Y given by

/ @) Ke(@ + ey, —d7) do = / f(@, —Ee(z + v, dy) de = / (@ — ey, ) Ko(a, dy) da |
Y Y Y

and (abusing notation) we shall even cancel dz on both sides of ([1.3]).

Assuming Hypothesis &. is a Dirichlet form (i.e. closed, symmetric and Markovian) and 6§°(R%) C
2(E;) for all € € (0,e0] (see Fukushima-Oshima-Takeda [6]).

The general theory of Dirichlet forms £ analyzed in [6] covers the case, where (R?, dx) is replaced by
(X,m) if X is a locally compact separable metric space and m is a positive Radon measure on X with
suppm = X, provided that Z(&) is dense in L*(X,m).

In particular, this is true for X = (¢Z)? and m being the counting measure on X. In this situation,
we proved similar decay results in[I0] and [14], with K.(z, m(dy)) = —a.(z;e)m(d(ey)) as a measure
on Z%\ {0} (in fact, we treated a slightly more general case where the form &. instead of being positive
is only semibounded, & (u,u) > —Ce for some C > 0 and ¢ € (0, &g]).
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In this paper, we focus on the complementary and much more singular case X = R%. We remark that,
combining the results of [I0] with this paper, one could treat the case where X is an arbitrary abelian
subgroup of (Rd, +) and m is Haar measure on X. Since our methods depend on some elements of Fourier
analysis, this is a natural framework for our results.

The basic idea behind our estimates is due to Agmon [I]: The positivity of the quadratic form associ-
ated with a certain (weighted) operator H (on wavefunctions with support in a specific region) is related
to decay of solutions of Hu = f in that region in weighted L?—sense, and the (optimal) rate function
admits a geometric interpretation as a geodesic distance (which is Riemannian if H is a strongly elliptic
differential operator of second order). A semiclassical version of the Agmon estimate (for the Schrodinger
operator) was developed in [7] by Helffer and Sjostrand who also applied such arguments in their analysis
of Harper’s equation [8] to a specific difference equation. In [I0] a semiclassical Agmon estimate was
proved for a classs of difference operators on the lattice eZ¢, identifying the rate function as a Finsler
distance. We recall from [7] (for the Schrédinger operator) and from [I1l 2] [13] that such estimates are
an important first step to analyze the tunneling problem for a general multiwell problem. It is our main
goal to develop this analysis in the context of jump processes as considered in this paper. Our motivation
comes from previous work on metastability (see [2], [3]).

To control the limit ¢ — 0, we shall impose stronger conditions on K. and V..

HYPOTHESIS 1.2 (a) The measure K (x, .) satisfies
K(z,.) =K%, )+ RM(z,.)  (zeRY, (1.4)

where
(i) for any ¢ > 0 there exists C > 0 such that uniformly with respect to x € (¢Z)* and e € (0, &)

/ MK (z,dy) <C and / MR (z,dy)| < Ce (1.5)

[v|>1 [v[>1

[ nPEOwan<c  ad [ PR )| < cs (1.6)
[v[£1 [v|<1

(i) for all x € RY there exists ¢, > 0 such that for all v € R?
[ oK) = ol (1.7)
RN{0}

(b) (i) The potential energy V. € €*(R%, R) satisfies
Ve(@) = Vo(x) + Ra(ws€)

where Vo € €%(R?), Ry € €*(R? x (0,e0]) and for any compact set K C R? there exists a
constant Cx such that sup,cx |Ri(x;€)| < Cke.

(if) Vo(x) > 0 and it takes the value 0 only at a finite number of non-degenerate minima x;, i.e.
D2V0|I]. >0, j€C=A{1,...,r}, which we call potential wells.

We remark that combining the positivity of the measure K. (z, .) with Hypothesis a), it follows
that K(©)(z, .) is positive while Rgl)(x, .) is possibly signed.

It is well known (see e.g. [6]) that & uniquely determines a self adjoint operator H. in L?(R¢). To
introduce Dirichlet boundary conditions for H. on some open set ¥ C R?, one considers the form

E¥(u,v) = E(u,v) with domain  2(EF) = €°(%). (1.8)

Then £ is Markovian (see [6], ex. 1.2.1) and closable. In fact, if we consider L?(X) as a subset of L?(R%)
(extend f € L*(X) to R? by zero), the form

c‘?(u,v) = &.(u,v) with domain 9(6?) ={uec L*)| g(u,u) < oo} (1.9)

- corresponding to Neumann boundary conditions - is a closed (Markovian) extension of £ (see [6], ex.
1.2.4), giving closability of £Z.

DEFINITION 1.3 We denote by £ the closure of £ given in (1.8). The operator H> with Dirichlet
boundary conditions on ¥ is the unique self adjoint operator associated to EF. The unique self adjoint

operator ﬁ? associated to 6? defined in (1.9) represents Neumann boundary conditions on .
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By [6], Thm. 3.1.1, £ is Markovian (as the closure of a Markovian form) and thus a Dirichlet form.
In particular, since £2 is a restriction of ?: we have for u,v € Z(EF),

EX(u,v) = T (u,v) + VE(u,v) with (1.10)
7> (u,v) / dw/ —u(x +e7))(v(z) —v(z +ev)) K (x,dy) and (1.11)
/(af)
VZ(u,v) / Ve(z (x)dz (1.12)
where Y'(z) := {veRd\{O}\x—i-s'y ex}. (1.13)
Slmllarly, ’TE + VZ We remark that 7, VZ. ’TZ and VE are again Dirichlet forms, in particular
they are p051tlve
We will use the notation ¢[u] := ¢(u, u) for the quadratic form associated to any bilinear form gq.

Concerning the operator H, associated to £ we remark that, even assuming Hypothesis[I.2]in addition
to Hypothesis it is far from trivial to characterize the domains Z(H.) and 2(HZ). Without additional
assumptions, H. =: T. + V. (or HZ) is not even defined on 4§°(R%) (or 65°(3) resp.). However, there
are some cases for which we can give formulae for T.u on subsets of its domain.

a) If the measure K. (z, .) is finite uniformly with respect to = € R4, one has
(a) < (=, y P ,

Tou(z) = / (u(@) — u(z + 1)Kz, dv)
RI\{0}
and T is bounded on L?(R%).

(b) If K.(z,dy) = k.(z,7) dy, where k. € €(R? x R?\ {0}) is Lipschitz in x € R¢, locally uniformly
with respect to v € R?\ {0}, then 62 (R%) C 2(H.) and, for u € €2(R?),

Touw) = [ (2u(e) ~ ulz + 1) ~ ule - 1)) he(z) o

[ (o)~ ule = ) (el — 7 — k() dy - (110
R4\ {0}

(c) If K.(x,dvy) = K.(z,—dy), then €2(R?) C 2(H.) and for u € €2 (R%) one even has the simpler
form

T.u(z) = / (u(x) — u(x + ev) — eyVu(z)) Ke(z,dy) . (1.15)
R4\ {0}

(d) In the case of a Levy-process, i.e. if K (x, dy) = K.(dvy) (which by reversibility, see (|1.3), implies
K (dv) = K.(—dv)) one has both the representation (|1.15)) and (since the second term on the rhs
of (1.14) formally vanishes)

Tau() = [ (2u(e) ~ ule+ 1) ~ ule - £9)) Ke(d)
R4\ {0}

Similar formulae hold for the operators with Dirichlet (and Neumann) boundary conditions. In this pa-
per, we shall need none of them, since we shall directly work with the Dirichlet form (L.1J).

We define ¢, : R2¢ — R as
o) = [ (1= cos(n-€) ) KO ) (1.16)
R\ {0}
which in view of Hypothesis a),(ii) extends to an entire function in ¢ € C?, and we set
fo(x, &) == —to(x,i€) = / (cosh(n -£) — 1)K(°> (z,dy),  (z,6€RY). (1.17)
R\ {0}
We remark that ¢y formally is the principal symbol o, (7%) - the leading order term in € of the symbol

- associated to the operator T, under semiclassical quantization (with ¢ as small parameter). Recall that
for a symbol b € € (R?? x (0,¢)), the corresponding operator is (formally) given by

Op.(b)u(e) = (e2m) " [ et P G dyds, v e SR,



4 MARKUS KLEIN, CHRISTIAN LEONARD AND ELKE ROSENBERGER

(for details on pseudo-differential operators see e.g. Dimassi-Sjostrand [4]).
In particular, the translation operator 74.. acting as 7. u(x) = u(x £ ), has the e-symbol e¥9¢.
Thus, writing 7. formally as

1
5 [ K-
R4\ {0}

and using o,(A4 o B) = 0,(A)o,(B) for the principal symbols of operators A, B, immediately gives
to = op(T%) given in (L.16).

We emphasize, however, that under the weak regularity assumptions given in Hypotheses [I.1] and [I.2]
T. is not an honest pseudo-differential operator (i.e. one with a %°°-symbol, for which the symbolic
calculus holds), but only a quantization of a singular symbol, giving a map .7 (R%) — .7/ (R%) (see []).

We shall now assume

HypoTHESIS 1.4 Given Hypotheses and ¥ C R? is an open bounded set with x; € % for exactly
one j € C and x, ¢ ¥ for k € C,k # j. Moreover there is an open set Q@ C X containing x; and a
Lipschitz-function d : ¥ — [0,00)) satisfying, for to defined in ,

(a) d(z;) =0 and d(x) # 0 for x # x;.

(b) d € €*(Q).

(c) the (generalized) eikonal equation holds in some neighborhood U C Q of x;, i.e.

to(z, Vd(z)) = Vp(x) forall zeU. (1.18)
(d) the (generalized) eikonal inequality holds in 3, i.e.
to(w, Vd(z)) — Vo(z) <0 forall zeX. (1.19)

We remark that in a more regular setting, i.e. if hg 1= fg — Vo € €™ (R24), such a function d may
be constructed as a distance in a certain Finsler metric associated with hq (see [10)), if X avoids the
cut locus. We shall discuss the Finsler distance d in the case of low regularity and its relation to large
deviation results for jump processes (see e.g. [9]) in a future publication.

Our central results are the following theorems on the decay of eigenfunctions of H> and H =z

THEOREM 1.5 Assume Hypotheses and with ¥ = Q. Let HE and I;EZ be the operators with
Dirichlet and Neumann boundary conditions from Definition [1.3

Fiz Ry > 0 and let E € [0,eRy]. Then there exist constants g, B,C > 0 such that for all € € (0,¢e0]
and real u € Z(HZE)

H(l +4)7F egu‘

<clet||a+ ) et (HE - B)

+lJullz2 sy | - (1.20)

L2(%) L*(%)

In particular, let w € Z(HZE) be a normalized eigenfunction of H> with respect to the eigenvalue E €
[0,eRo]. Then there exist constants B,C > 0 such that for all € € (0, &)

[+ et | <c. (1.21)

L2(%)

The constants o, B,C" are uniform with respect to E € [0,eRo] and u with ||ul| 2y < 1.

Analog results hold for u € .@(ﬁ?) and u a normalized eigenfunction of ﬁ? respectively.

The following theorem gives a weaker result in the case that d is only Lipschitz outside some small
ball around x;. Then we have to assume more regularity of K (0) with respect to .

THEOREM 1.6 Assume Hypotheses and and let HE and fAIEE be the operators with Dirichlet
and Neumann boundary conditions from Definition|1.4 Moreover assume that K©) (. dv) is continuous
in the sense that for all ¢ >0

/ AP (KO (@ + hydy) — KO (a,dy)) =o(1) (k] —0) (1.22)
vERI\{0}

locally uniformly in x € RY. Fiz Ry > 0 and a constant D > 0 such that the ball K := {x € R?|d(z) < D}
is contained in Q, and let E € [0,eRy]. Then there exist constants C, B > 0 such that

(a) for any fized o € (0,1] there exists e, such that for all € € (0,e,] and real u € P(HE)
e

(1—a)d
€

d
t(H>_E H . 1.23
u‘ L2(%) er (1 Ju L2(%) el (1.23)
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(b) there exists a constant ag > 0 such that for any fived o € (0, ] there exists ®, € €*(X) and
€a > 0 such that for all € € (0,e,] and real u € Z(HF)

= et (g -
e u‘ . Clet||e™ (12 - B) “Hmz) + lullzees)) (1.24)
where for some C' > 0 and for any fized o € (0, 1]
x 1 -£ oz x -£
e¥a(l+@) ’ Secps() ed(e>C’( d(;)) ’ for x € K and (1.25)
sl < e < e forzx e T\ K . (1.26)

(c) for any fired a € (0, 1] there exists o > 0 such that for any ¢ € (0,¢4) and real u € P(HE)
1 2
C/

and if u is a normalized eigenfunction of HZ with respect to the eigenvalue E € [0,eRy)], then

B 2
2

(1+4)

e

’ ’ (1.27)

(1—a)d(x)
e = u

@a’

: ‘
esU
L% (K)

L2(\K) — L2(%)

(1.28)

¢(¥
o] <
L2(%)
The constants ag,eq, B, C are uniform with respect to E € [0,eRg] and u with ||ul|z2(s) < 1.

Analog results hold for ﬁ? and for real u € 9(1?5) respectively.

REMARK 1.7 All assertions of Theorem and remain true if £ is not necessarily positive, but
only satisfies E(x) > —Ce or, more special, £, > 0 but V. > —Ce. In a stochastic context, such a
situation could arise if e.q. one starts with a Dirichlet form E. on L2 (me) associated with a pure jump
process (with V. = 0), given by a kernel K_(x,dv), which is integrable with respect to v € R%\ {0},
i.e. satisfies [ K.(x,dy) < oo, and reversible with respect to m.(dz) = e~ £ . If K(z,dv) =
R ) ¢ K. (x,dv) is integrable with respect to v € R4\ {0}, then

E-(exu, e v) = /Rd /Rd\{o}(u(x-i-gy) —u(x))(v(r +ey) —v(z)) K (x,dy) de + (u, Vov) .,

is a Dirichlet form on L?(dx), where

Vel = /Rd\m} (e

If F is smooth and K. and K. have an expansion as in Hypothesis (a), then one verifies that
KO (z,dy) = KO (z,~dy) and V. > —Ce for some constant C > 0. If the integrability conditions
for K. and K. are not satisfied, the above transformation is more delicate and requires regularity of
K (z,dv) in x.

We emphasize that the eigenvalue E in Theorem and need not be discrete (a priori, it could be
of infinite multiplicity or be imbedded into the continuous (or essential) spectrum of H.). In this paper,
H_ need not have a spectral gap. However, to develop tunneling theory in analogy to [10, 1T, 12} 3], one
needs to impose further conditions on the jump kernel K..

— 1)K (z,dv) = /]Rd\{o}(Ke — K. )(x,dv) .

F(atey)—F (o)
2e

2. PRELIMINARY RESULTS

This section contains preparations for the proof of Theorem [L.5] - and [[.6] Lemmata [2.1] - 2-3] contain
our abstract approach to Agmon type estimates, while Lemmata [2.4] - 2.7] contain more specific estimates
on ty(z,€),d(x) and the phasefunctions used in the proof of Theorem 1.5/ and [1 .

LEMMA 2.1 Assume Hypotheses and. and, for ¥ C R open, let EF and 5 denote the associated
Dirichlet forms given in Deﬁmtwn and . respectwely Let ¢ : Rd — R be Lipschitz and bounded.

Then for any real valued v with e v € D(EZ) (or D(EE) resp.)

EX (e_%v, 6%1}) = <(V5 + V;’E)m v>L2(Z)

/ dx//(I) (x,dv) COSh(%( (x) — (ere'y)))( (x)fv(x+s'y))2, (2.1)
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where ¥/ (z) is defined in and

Vig(z) = /E’(a:) [1 - cosh(%(gp(x) — oz + 57)))} K.(z,dv) , (2.2)
which ist bounded uniformly in . An analog result holds for é}

Proof. We have by (1.10))

EZ (e Fw, efv) — (Vev, ”>L2(z)
/ dx/w ~2cosh(L(pla + £7) — p(@)o()o(e +e9) + (e + 1)) Kol d)
%/ dz/,(m) 4ol + 7)) (1 - cosh(pla + 23) — p(@))) ) K-(. )
-3 //S da:/l(z) cosh (L (p(@ + ) — p(@))) (v(2) — v(@ + 7)) Ko(a, dr) . (2.3)
Since cosh € is even with respect to & and by the reversibility (T.2) of K. (z,dv)
/ do /,(w) 4o +9)?) (1~ cosh((ple + 27) — (@) ) K-z, d)
/dx//(w (1~ cosh(Lp(r + £7) — p(2)) ) Kele, dn) . (24)

Thus inserting ([2.4)) into and using the definition of V2, "y gives
To show boundedness of the integral on the right hand s1de of . one observes that cosht — 1 <

|t|sinh [¢| for all ¢ € R. Choosing t = L(p(2) — ¢(z + 7)) and using that ¢ is Lipschitz with Lipschitz
constant L > 0 gives

inh(L
cosh(é(cp(x) —o(x + 57))) —1< L2|72W . (2.5)
Inserting ([2.5)) into (2.2) proves the assertion, according to Hypothesis (a),(i).
Since the formula (|1.10]) also holds for 6?, the same arguments give the analog result.
O

LEMMA 2.2 Assume Hypotheses cmd and for ¥ C RY open, let £, 55 and @ be as in Lemma
21 Then
v e D(EF) or @(g) resp. = ecve DET) or D(ET) resp. .

g
Proof. We will use the notation (see (|1.10]))
. ~ ~
[u) = E7u] + |[ullfa () = Tl + Ve Tul + gz - (2.6)

We recall that a function f € @(é}) is in 2(EF), if and only if there is a sequence (f,)nen in Z2(EF)
such that tZ[f, — f] — 0 as n — oc.
We notice that for some C, L > 0

lllo <€ and o) — )| < Ll —y|, z,yeR’. (2.7)
Step 1: }
Let v € 2(£%), then we shall show that for some C' > 0 uniformly with respect to & € (0, o]
e <
Clesv] <e= o] . (2.8)
By (T.9)), this implies e£v € 2(EF).
From (2.7)) it follows at once that
© 20
le=vll7egsy < e [0l 72 - (2.9)

Using the definition ([1.12]) of IA)EE , we have by (2.7))
VZ[efv] < e €V [u] . (2.10)
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It remains to analyze

1 ate o 2
= f/ dx/ (ew( : wv(m—i—ev) — 5 (a:)) K (z,dy) . (2.11)
2 » /(x)

o(ztey)

Adding f — f for f =e~ = v(z) inside the brackets on rhs(2.11)) and then using (a + b)? < 2(a? + b?),
we get

rhs(2.11)) < Afv] + B[v] where (2.12)

(v(z +ev) — 1}(96))21(5(:107 dry)

p(ztey)
62 €

Alv] :/dx//(x)
1 fe f

(™5 — ") Ko (2, dy) . (2.13)
By (2.7) we have
A] < e T2 . (2.14)
To estimate B[v], observe that
1—ef|<ell—1, (teR), (2.15)
which by (2.7]) leads to
P | | < o (ei\tﬁ(l)*@(m+av)| _ 1) < e®L|yleEh! . (2.16)
Substituting (2.16) into (2.13) gives by Hypothesis [1.2|(a)(i)
<8 [ [ PR ) < o ol (217)

where C' is uniform with respect to & € (0,&0]. Inserting (2.17) and (2.14) into (2.12) and the result in

[-11), and combining ([211), (2:10) and (239) proves 2.5).

Step 2:
We prove

efve P(ET) for ve € (N) C 2(EY). (2.18)
Let j € %5°(R%) be non-negative with [, j(z)dx = 1. For § > 0 we set js(x) := 6~ %j(%) and
©s 1= p * j5, then @5 € €°(RY) and e = v € Es°(X) C P(EF). Moreover

[@slloc < llplloe <C5  |lws —¢|| —0 as 60 (2.19)
and ¢s has the same Lipschitz constant L as ¢ (see (2.7)), since

fos(e) = sl = | [ (oo = 2) = oty = 2))is() d2] < Lo =3 (220)

Assume v € €5°(X), then by Step 1, e<v € @(é}) Thus it suffices to show that

t?[(e% fe%>v} —0 as 6—0. (2.21)
By dominated convergence, using (2.19)),
—_— € AE % —_ %
H(e e ) ‘L2(E) —0 and Vs [(e e )U} —0, (6—0). (2.22)

pn $s P
To analyze 7>, we set @5 :=e= — e+, then

7> [(e% - ew) } A'lv] + B'[v], where (2.23)

do [ s e)(vla + 1) - v(o) Kol )
> (x)

/.
Bl = [do [ o0 (@t 2) - 05(0) Koo
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Since ||Pslloo < e% by (2.19) uniformly with respect to § > 0, ezTC/(v(:c +¢&v) — v(x))? is a dominating
function for the integrand of A’[v], which is in L!(dy) for the measure du = K. (x,dv)dr in ¥ x R4\ {0}.
Thus by the dominated convergence theorem

A'lv] =0, (6 —0) (2.24)
because ||Ps]|oc — 0 as 6 — 0, by (2.19). Similarly,
B'[v] =0, (6 —0) (2.25)

by the dominated convergence theorem (observe that using (2.16|) for ¢ and s, uniformly with respect

to 0 in view of (2.19)) and (2.20) one finds

(z+em) (=)
|Ps5(z + e7) — Ps(x)| < et et

p(z+ey)

e(z) c

which gives a dominating function for the integrand of B’[v], which in view of Hypothesis a) is inte-
grable With respect to du). Inserting (2.25)) and (2.24) into (2.23]) and combining the result with (2.22)

proves and ( -

Step 3:
Assume v € Z(EZ), then by Definition there are v, € €2°(3) with t2[v,, —v] — 0 as n — co. By
Step 2, for all n € N, e<v,, € Z(£), and

t?[eg(vnfv)} — 0, (n — o)

by (2.8), proving e<v € P(EZ).
O

We will use Lemma [2.1] and Lemma [2.2] to prove the following norm estimate, which is a main ingre-
dient in the proof of Theorem

LEMMA 2.3 Assume Hypotheses and, for ¥ C RY open, let HE (ﬁ?) denote the operator with
Dirichlet (Neumann) boundary conditions introduced in Definition|1.5 Let ¢ : ¥ — R be Lipschitz and
bounded. For E > 0 fized, let F'y : ¥ — [0,00) be a pair of functions such that F(z) = Fy(x)+F_(z) >0
and

Fi(z) = F(z) = Ve(z) + V() —E, z€X, (2.26)

where Vg (x) is given in [2.2). Then for u € Z(HZ) (or P(HE)) real-valued with Fefu € L2(X), we
have for some C > 0

L 2 »
1FeEul3a s, <4Hf £(HE - E)uHLz(E) +8Fefulbas (2.27)
Proof. First observe that for v :=e<u
1Pl <2 (1Pl + 10l ) = 2 (IFlEa) = IF-vlEas) ) + AIP-vlie - (2:28)

By (2.26)) one has

1E oo — 1ol = (Ve 4 Vi = BJo,v) (2.29)
Since v € Z(£F) (or Z(EZ)) by Lemma it follows at once from Lemma that
—2 £
<(V + V¥ — E)v, U>L2(E) <es <e 20, e v) — Ello|22x, (2.30)
[2-29) and (2.30) yield by use of the Cauchy-Schwarz inequality, since u € Z(HZ),
2 (HF+U||2L2(2) - ||F—UH%2(2)> < 2((eF(HZ = E))u, v) oy, (2.31)

< 2l ()

(=)l .+

1
—||F
Lz(z)ﬁll vz s)

|FUH%2(2)~

Rl
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Inserting (2.31)) into (2.28) we get

2
£
IFol3ecs) < 2|3 (2 (B2 - B)) ol

1 2 2
ey * 3 1F 0B + A0l

which by definition of v gives (2.27).

LEMMA 2.4 Assume Hypotheses and[1.9
(a) For any x € RY, the function L, : R? 3 & — to(w,€) is even and hyperconver, i.e. D*L|¢y > o >
0, uniformly in &.
(b) At & =0, for fived x € R?, the function ty has an expansion

0 <io(z,€) — (€, B(2)€) =0 (¢]')  as [¢] =0, (2.32)
where B : RY — M(d x d,R) is positive definite, symmetric and bounded.
Proof. (a): By Hypothesis a)(ii) there exists ¢, > 0 such that for all &, v € RY

(v, D2Lale,v) :/ (v v)? cosh(y - &) KO (@, dy) > / (v 0)? KO (z,dy) > co||o]|* .
R\ {0} R4\ {0}

(b): Since by Taylor expansion at £ =0

il
cosh(y &) = (1+3(1-6)°) < (7~€)4W ,
one gets from and Hypotheses and
_gy4 sinh(v- &)

0% [, )~ (€. Bl < [ -0 KOw,dv) =0 (€11) |

(v-€)
as |{| — 0, where the symmetric d x d-matrix B = (B,,) is given by
1 (0) a
B,,(z) = 5 Yoy K (2, dY) for p,ve{l,...,d},zeR".
Rd
By Hypothesis a)(ii), B is strictly positive definite, by Hypothesis a)(i), B is bounded.

LEMMA 2.5 Assume Hypotheses and[1 then
(a) d(z) = 3(z — z;, D%d|,,(z — z;)) + o(|x — z;|*) as |z — x| = 0, and D?d|,, is positive definite.
(b) Vd(z) = O(|Jx — z;|) as |z — z;| — 0.
Proof. (b): For |z — z;| sufficiently small, the eikonal equation (L.18) holds. Thus by Lemma[2.4] (b), we
have, with B(z) positive definite and bounded,
Vo(z) = i(z, Vd(z)) = (Vd(x), B(x)Vd(x)) + O(|Vd(z)[") (2.33)
> C|Vd(z)* . (2.34)

([2.34) proves (b), since Vo(z) = O(|z — z;|?) (Hypothesis (b))
(a): Since d € €%(Q), d(z;) =0 and Vd(z;) = 0 (use (b)), Taylor expansion gives
1
d(x) = 5

Since d(x) > 0, the matrix D2d\1j is non-negative. We shall now assume that 0 is an eigenvalue of D2d|mj
with eigenspace ' C R? and derive a contradiction.
By the mean value theorem and the continuity of D?d|,

<x—xj,D2d|xj(;v—xj)>+o(|a:—mj|2) as |z —ua;|—=0.

1
Vd(m):/o D2y poo—oy) (i — 23) dt = D2l (z — ;) +ollx — ;) (|2 — 5] = 0).

Thus

Vd(z) = o(lx —a;]) (| — 25| = 0,(x —x;) e N) .
By (2.33) this gives Vo(z) = o(|z —z;|?) as  —x; — 0 in N, which contradicts D?V (x;) > 0 (Hypothesis
b)) Thus D?d|,, is positive definite. O
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LEMMA 2.6 Assume Hypotheses and and let x € € (R4, [0, 1]) such that x(r) =0 forr <
and x(r) =1 for r > 1. In addition we assume that 0 < x'(r) < @. For B > 0 we define g : ¥ — [0,

by

1
2
1]

g(z) == x (dg?) ., zex (2.35)
and se
| O(z) = d(z) — % In (l;) - g(m)% In (2%(:» . zex. (2.36)

Then ® € €2(Q) and there exists a constant C > 0 such that for all e € (0, ]
10,0,®(x)| < C, xeX, urvefl,...d}. (2.37)

Furthermore, for any B > 0 there is C' > 0 such that

o 1 - e e B
edi)(Hd(:)) <™ <o (1+d(:)> . (2.38)

N[
|

¢’ -

Proof. Using the estimates of Lemma the proof follows word by word the proof of Lemma 3.3 in [10].
O

LEMMA 2.7 Let j € 65°(R?) be non-negative with [5, j(z)dx =1 and supp j C By1(0) := {z € R?| || <
1}. For § > 0 we introduce the Friedrichs mollifier js(x) := 6=%j(%). Under the assumptions of Theorem
1.6, setting ds := d x j5, we have, locally uniformly in x € RY,

Vo(z) > to(w, Vds(x)) + o(1) (§ —0). (2.39)
We emphasize that Vds does not converge to Vd in ||.||oc. The estimate (2.39)) compensates. This is

crucial to obtain the positivity needed in our Agmon estimate.

Proof. First observe that by (1.22), (1.5) and (1.6

to(a —y,&) —to(,6) = /R o) (coshy - & = 1) (KO (& — y,dvy) — KO (x,dv)) = o(1) (2.40)

as |y| — 0 locally uniformly in (x,&) € R?? (since |coshy - & — 1] < C|y[2e“ M),
We remark that

Vds(z) = y Vd(z — y)js(y) dy = Es[Vd(z — )], (2.41)

where Es denotes expectation with respect to the probability measure dus(y) = js(y) dy (supported in
the ball Bs(0)). Recall the multidimensional Jensen inequality (see e.g. [5])

E[f(X)] > f(EIX)) (242
for any convex function f : R — R and random variable X with values in R?. Choosing X(.) = Vd(z—.)

and using the convexity of y(z, .) (see Lemma , we get by (2.41) and (2.42))

fo(x, Vds(z)) < / fo(w, Vd(z — y))dus(y)

Rd
— /R (e =y, V(= y)dusty) +o(1)  (50), (2.43)

where the last equality follows from ([2.40)) and supp js C Bs(0). Thus, by (2.43) and the eikonal inequality
([T.19)

to(x, Vds(z)) < /

g Vo(z = y)dus(y) +o(1) < Vo(x) +o(1) (6 = 0)
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3. PROOF OF THEOREM 1.5 AND 1.6

Proof of Theorem 1.6. We partly follow the ideas in the proof of Theorem 1.7 in [10].
Proof of (b):
For ¥'(z) given in (L.13), let
B = [ (b9 -DEO@d), (@ TxR,

()

then by the positivity of the integrand

&5 (2,€) <lo(,€) . (3.1)
For any B > 0 we choose ¢ > 0 such that d=1([0,epB)) C U, then by Hypothesis [.4|for all ¢ < e
Vo(z) — to(x, Vd(x)) =0, reXnd ([0, Be)). (3.2)
Let ® be given in , then by
V&(z) = Vd(z)(1 - fi(x) = fa(2)) , (3-3)
where

7= g (M) ana ey = 3¢ (%)) g (202,

Choose n > 0 such that K := d~'([0, D 4 25]) € Q and let {, x € €>°(R4, [0,1]) be monotone with
- 0, z<D+n ~ 0, <D
x(z) = X(z) =
1, 2>D+2p 1, z>D+n
Then we define

and we set for § > 0
Do5(2) = (1 - g(2))®(2) + 3(=) (1 = §)((1 - g(=))d(z) + g(z)ds(2)) ,
where ds = d * js is defined in Lemma Then ®, 5 € €*(X) for any § > 0.

Step 1: We show that there is §(«) such that for any 6 < §(«) the function ®, := ®, s satisfies (|1.25)
and (1.26).

Clearly, @, s satisfies (1.25) for all ¢ > 0 in view of (2.38)), since @, 5(z) = ®(z) for z € K.
Now, by (1.18), for x € X\ K
Be (d(m)

Pas(2) = d(@) = §@)§d(x) - 1= 9)@) (- n(Z2) ) + 3@ (1= $)(ds—d) (@) (35)

Choosing B > 2, all logarithms in (3.5) are positive (using %(f) > 1 on the support of g). Since

lds — d|loc = 0 as 6 — 0 and using that for some C, by Hypothesis
inf{d(z) |z €e X\ K} >C >0, (3.6)
it follows that there is a §(«) such that for all § < d(«)
(1 - %)|d5(9:) - d(x)| < gd(z), zeX\K, (3.7)

proving the upper bound in ([1.26) for ®,,.
Now observe that there is an €, > 0 such that for all € € (0,¢,,)

% 1H(M) < %d(x), re\K. (3-8)

€
This follows from the fact that 1hs(3.8)= o(1) as € — 0 uniformly in z together with (3.6]). Inserting (3.8)
B

a
and (3.7 into (3.5 proves the lower bound of
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Step 2: We shall show that there are constants «g, Cp, C; > 0 independent of B and E and €,,(c) > 0
such that for all § < §(), € < &, and for any fixed a € (0, ]
0, r € X Nd ([0, Be))
Vo(z) = i5 (2, VPa5(z)) > § e, weXnd ' ([Bs,D+n)) (3.9)
Ci, xe¥XnNd (D +mn,))
Case 1: d(z) < %
Since Py 5(z) = d(z) — % ln(%) and the eikonal equation ([1.18)) holds, we get

Vo(x) — to(w, Vo, 5(x)) =V(z) — to(z,Vd(z)) =0, reXN dil([O, %]) .
which by (3.1)) leads to (3.9)).

Case 2: B2 < d(z) < Be
Here @, 5(z) = ®(x). Since 1 < 24(x) <9, f, and f, in (3.3) are non-negative. In addition 0 < filz) <

1,7 = 1,2 (use assumption x'(r) SB%). Therefore
1= fi(z) = fo(z)] = [A(z)] < 1. (3.10)
By Lemma to(x, &) is convex with respect to &, therefore
to(z, A6 + (1 = M) < Mo(z,8) + (1 — Nig(z,n) for 0< A<, &,neRT, (3.11)
and, since fo(x,0) = 0 and to(z, ) = to(x, =€), it follows by choosing n = 0 that
fo(z,A6) < Mo(z, &),  for NeR, N <1, 6eR,zex. (3.12)
Combining , and it follows that
V(@) — B (2, Vas(2)) > Vo(z) — A@)lFo(e, V() = Vo1 — A(@)]) . (3.13)

where for the second step we used (3.2)). Since |A(z)] <1 and Vy > 0, (3.13) gives (3.9).

Case 3: Be <d(x) < D
In this region, we have ®, 5(z) = ®(z) = d(z) — 5= ln(@), thus

€

Be
Vo, s(z) = Vd(x) <1 - 2d(x)) . (3.14)
Since £ < (1 — 25'(‘;)) < 1, by (3.14) and (3.12) we get the estimate
~ B ~
Vole) — ol V0, 5(2) 2 Valo) — (1 g ) fole Vo)
Be

> —_— .
> Vola) g (315)

where for the second estimate we used that by Hypothesis the eikonal inequality to(z, Vd(z)) < Vo(x)
holds. We now claim that there exists a constant Cy > 0 such that
Vo(x)
2d(x)
Then, combining (3.1)), (3.15) and (3.16)), we finally get (3.9).

To see (3.16)), we split the region W = X N d~!([Be, o)) into two parts. Clearly, for any § > 0, (3.16)
holds for x € W N {|x — ;| > §} (since X is bounded, d € €?(X) and Vy(z) > C > 0 for |z — x| > & by

Hypothesis [1.2](b)).
To discuss the region W N {|z — x;| < 0}, we remark that for some C' > 0 by Hypothesis [L.2}(b)

Vo(z) > Clz — x;|? if |x — x;| < §. Thus it suffices to show that for some C' > 0

>0y, zeXnd'([Be x)). (3.16)

d(z) < Clz — z;?, |z — x| <9

This follows from Lemma a).
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Case 4: D <d(zx) < D+n
Since Py 5(z) = (1 — g(2))@(z) + g(z )(1 2)d(z) and V®(z) is given by (3.14) in this region, we have

- ) ((de) - 22 m (1)) 4

3

DU
v

Vb, 5(2) = Vi(a [( -

¥ >?'<d<x>>(1 - 9)d(x) +5(@)(1 - 3)]
= \Vd(z), (3.17)
where

A= 14 ho(2) — (1 - §(2)) o o

- ., a Be . sd(z)
= _G=)= = ¢ 2 m( BE)),
i )5 hale) = ¥ (<Fd) + 5 (S))
Since X'(y) > 0 it follows from the upper bound in (3.8)) that h, < 0, proving for « sufficiently small

0<A<1—t, tt(x,a,e)(1§(x))25&) +§(x)%. (3.18)

Combining (3.1), (3.12)), (3.17) and(3.18) gives, for all € < ¢, sufficiently small

B
Vo(@) =15 (2, V@a,5) > Vo(@)t(r, 0,8) > e,
0
where we used ([1.19) and, for the last estimate, (3.16]).

Case 5: D+n <d(z) < D+ 2n
We have @, 5( ) = (1 - 2)((1 = g(z))d(z) + g(x)ds(z) and thus
= (1-%)[(A = g(2))Vd(x) + X' (d(x))(ds(2) — d(2)) Vd(x) + §(2) Vds ()]
+

)V(
(1-5)[(A = g(2)Vd(x) + §(2)Vds(2)] + § 2 f5(2)Vd(z), (3.19)

x)

where we set
fo(z) :==X'(d(2))(ds(z) — d(x)) and thus |fs(z)| =o(1) (6 —0).
Using twice, we get by

folr, V0 5(2)) < (1 - %) [(1 - ge)iol, V(@) + @)o(a. Vs (2))] + 5o (2. 2 (@) V()
Combining Lemma [2.7) with yields, as 6 — 0,
V() — o (x,vq>a,5(x)) > Vo(z) [% + 0(1)} >0, (3.20)
since Vo(z) > C > 0 in this region. Combining (3.1)) with (3.20) gives (3.9).

Case 6: d()z +2n
:(——

2
)ds(x), we have by

fo (2, Vo 5(x)) < (1 - %)EO (, Vds(x)) (3.21)
Combining Lemma with gives , as in Case 5.

Step 3: We shall show

Since @y 5(z

—Cse for z€Xnd ([0, Be])
Ve(z) + Vo (2) > (C% - Cg) € for xe€XNd1([Be,D+n)) (3.22)
Cy for ze€XnNd ([D+n, o))

for some Cs, Cs,Cy > 0 independent of B and E, where V% := Vfg is defined in (2.2) and &, = Pu 5
for any 0 < 0(a).

We write
Vo) + VP (@) = (Ve(a) = V(@) + (Vo (@) + B, VOa(2))) + (Vola) — B, VOa(2))  (3.23)
By Hypothesis and since ¥ is bounded, there exists a constant C7 > 0 such that
Ve(z) = Vo(z) > —Che, rEX. (3.24)
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We shall show that
{V‘I’ +t0 (2, VO, (2))] < eCs . (3.25)

Then inserting ([3.25| and into ( proves (3.22). Setting (see (2.2))
Voo (a) = / [1 — cosh (Fi())] K(o)(iﬂ, dy), Fa(r) = Fa(2,7,6) = 1(Pa(@) = Pa(r +e7))
' (x)

we write
Ve (2) + 15 (@, VOa(2)) = (VP (2) = Vi (@)) + (V5" (2) + 5 (2, V®a(2)) ) =: Di(x) + Da(2)

and analyze the two summands on the right hand side separately. Since ®, € €2(X), it follows from
Hypotheses and a), using (2.5)), that for some C' > 0

D (z)] = ‘/ [1 — cosh (F(2))] (5K(1) + R§2>) (z, dfy)‘ < Ce. (3.26)
()
uniformly with respect to . We have for x €

\m@ns/
¥ (x)

By the mean value theorem for cosh z and since |sinh z| < el®!

cosh(7V@q(2)) — cosh(Fa(x))‘K(O) (z,dv) . (3.27)

‘cosh(Fa(x)) — cosh(7V®, () <t2}(1)p1]exp(‘F )t + VO (2)(1 = t)|)|Fa(x) + 7V P0(2)] . (3.28)

Since @, € €%(X) there exist constants c1, co > 0 such that

|Fo(z)] <ecily] and |7V (2)] < ealy], zeX, yeX(x). (3.29)
gives a constant D > 0 such that
exp(|Fa(z t—i—vV(I) (z)(1—t)|) <ePhl, (3.30)
By second order Taylor-expansion, using
[(Fa (:17) + 9V, ()] < Caely]? . (3.31)

for all 5 e (0, 0] and some Cg > 0 independent of the choice of B. By ., inserting (3.30) and ( -
into ( and this in (3.27), using Hypothesis a), we get

Dy ()] = ’VO% (z) — toz(m, ~iVa,)| <ec .

This and (3.26) give (3.25).
Step 4: We prove ([1.24)) and (1.21]) by use of Lemma

Choosing B > Cy(1 4+ Ry + C5) (depending only on Ry, but independent of w and E), we have

B
(C - 03) e—E>¢, E €[0,eRy). (3.32)
0
Let
Q ={zecS| V() + VP (2)-E<0} and Qp:=%\Q_, (3.33)
then from (3.32)) combined with (3.22)) it follows that Q_ C {d(z) < eB} and by (3.22))
[Vo(z) + VP (2)] < e max{Cs, Ry}  forall ze€Q_. (3.34)
We define the functions Fy : ¥ — [0,00) by
Fy(z) = \/El{d(x)<Bs}(x) + (Ve(z) + VP (z) - E)lg, (2) (3.35)
and
F_ (@) = /L patar ey () + (B — Vela) — V(@) 1a_(2) . (3.36)

Then F, are well defined and furthermore there exists a constant C, C' > 0 depending only of Ry and B
such that

F:=F.+F.>C\e>0, |F|<Cye and F?-F2=V.+V% _F. (3.37)
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The first inequality uses ([3.22)) combined with (3.32)). By (2.38) and (3.37)

2 2

Pa

HFe(bTau‘ > Ce eTu‘ (3.38)
L3 (%) L3 (%)
and

|4 (HE—E)u(2 <cet e (HE—E)u(2 (3.39)

r : L2(x) ~ : L) '
Since supp F_ C {d(z) < Be}, by (2.38)) and (3.37) there exists a constant C' > 0 such that

e |2 9
”F,eeuHLz(E) < Ce flull?a s, - (3.40)

Inserting (3.38)), (3.39) and (3.40) in ([2.27)) yields (1.24)) uniformly with respect to E € (0,eRy) and u.

Proof of (c):

(1.27) follows at once from (1.24)) together with (1.25)) and (1.26].
If u is an eigenfunction of HX with eigenvalue E, then the first summand on rhs(1.24) vanishes. The

normalization of u therefore leads to (|1.28)).
Proof of (a):

For g defined in (3.4) and ds = d * js defined in Lemma we set

~ o PR ~
Pas@) = (1-5)((1-9) d@) +5ds()) -
Then for all z € ¥ and § < §,

(1—-a)d(z) < O, 5(x) < d(z) . (3.41)
In fact, if z € K (B.41) is trivial, so let € ¥\ K. Then, writing ®,5 = (1 — S)d+g(ds —d)), (3.41)

follows directly from ({3.7]).
For 7 as in the definition of g, we now claim that for any fixed « € (0, 1] and for all § < ¢, and € <

0, xzexnd(j0,D+n)

C, re€XNd D +n,00)) . (342)

Vo(z) — &g (2, VPa5(2)) > {

If x > D, this follows as in the proof of (b) (Case 5 and 6 of Step 2).
If z < D, we have V®, s5(z) = (1 — $)Vd(z) and thus by the convexity of #, and the eikonal inequality
(1.19), analog to Step 2, Case 3 in the proof of (b),

V(@) = & (2, Va,5(x)) > SVp(x) 2 0.
Similar to Step 3 in the proof of (b), it follows that for some Cy,Cs >0

-0y, xexnd ([0,D+n)

3.43
Cy, reXNd YD +n,00)), ( )

ww+v%wz{

where we set @, 1= &)a,g for any 6 < 04. If F\, F_ are defined as in (3.35) and (3.36)) with ®, replaced
by ®,, arguments similar to those in (3.37) and below lead to

e% (HEE - E) u)

SC[&*‘

i
el A llulzc)]

L2(D) L2(S

which combined with (3.41]) proves (1.23). O

Proof of Theorem 1.5. This is a consequence of (the proof of) Theorem |1.6}(b). Since d € ¢2(X), we can
use ® defined in (2.36]) instead of ®,. The arguments in Step 2, Case 1 - 3, show that there are constants
Co, Cy > 0 independent of B, E¥ and £¢ > 0 such that for all € < gg

0, zexnd(0,Be)

%(m)_%(x,vq)(l')) E {g)g’ xezﬂdfl([BE,OO))
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Since ® € €?(X), the same arguments as in Step 3 of the proof of Thm. (b), show

for
by

—Che for xeXNd ([0, Be])

Vo(z) + V®(z) > (%_C3>€ for € XNd}([Be, o))

some Cy, C3 > 0 independent of B and E, where V® := sz is defined in (2.2). Defining F_ and F
(3.35) and (3.36) with ®, replaced by ®, we get (1.20]) by use of Lemma [2.3] and Lemma Note

that Lemma is not needed and neither is the continuity assumption (|1.22)).

(1]
(2]
(3]
(4]
(5]
[6]
o
(9]
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