Prob. Th. Rel. Fields, Vol. 101, No 1, (1995), 1-44.

On Large Deviations for Particle Systems Associated with
Spatially Homogeneous Boltzmann Type Equations

C. Léonard

Equipe de Modélisation Stochastique et Statistique. U.R.A. CNRS D 0743 Université de Paris-Sud
Département de Mathématiques, Batiment 425. 91405 Orsay Cedexr, FRANCE

Abstract. We consider a dynamical interacting particle system whose empirical distribution tends
to the solution of a spatially homogeneous Boltzmann type equation, as the number of particles
tends to infinity. These laws of large numbers were proved for the Mazwellian molecules by H.
Tanaka ([Tal]) and for the hard spheres by A.S. Sznitman ([Sz1]). In the present paper we
investigate the corresponding large deviations: the large deviation upper bound is obtained and,
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1. Introduction

The aim of this paper is to study large deviations for a large particle system associated with a
spatially homogeneous Boltzmann type equation.

About Boltzmann equation. Let u:(z, z) stand for the density of molecules of a gas at time ¢,
with location 2 € IR? and velocity z € IR3. We have

ug(z,2)>0 and / ug(x, 2) dedz = 1,V0<t<T.
IR3 X IR3
The evolution of a dilute gas is well described by the following Boltzmann equation

(10) Bt Fawr = [ (o2 ,2) — o e, ) s~ 2 (= ) wde'dn
IRSXSQ



where
=z—[(z=2)-nln

=2 —[( —2)-n]n,

(z,2") and (z*,2") respectively standing for the incident and resulting velocities of a biparticle
performing a collision which is described by means of a parameter n € S5 : the unit sphere of IR3.
This leads us to

z* _"_ z/* =z _"_ Z/
(1.2) |z* =2 =|z— 2
(z*=2")n =(z—-2)n

and to the conservation of kinetic energy:
(1.3) 272+ [P = 12 + |2
In the special case where

q(z,2') == /s q(|z = 2|, (z = 2') - n) dn < oo,
2

q(z,2") is the mean intensity of the collisions with incident velocities (z, z’) while

q(z =2, (z =) -m)

q(z,2") "

describes the distribution of these random-like collisions. It is precisely the integration with respect
to dn which yields the growth of the entropy (Boltzmann H-theorem).

If the initial distribution is spatially homogeneous, that is V,uo = 0, this homogeneity is preserved

as time runs: Vyu, =0,V¢ > 0 and (1.1) becomes
(1.4) Oyue(z) = / {ug (%) ug () —u(2)ue(2)} q(|z — 2/, (2 — 2) - n) d2'dn
IRSXSQ

which is the spatially homogeneous Boltzmann equation. Many results about equations (1.1) and
(1.4) are collected in the book of C. Cercignani ([Cer]). The global existence of a solution to the
Cauchy problem for (1.1) has been obtained by R. di Perna and P.L. Lions in [dPL].

Taking (1.2) into account, one can interpreat equation (1.4) as a flow equation.

L. Arkeryd and A.S. Sznitmann have proved strong ([Ark]) and weak ([Sz1]) existence and unique-
ness of the solutions of (1.4) in the hard spheres case which corresponds to q(z,2',n) = |(z — 2’) - n|.

H. Tanaka ([Tal]) also proved the weak existence and uniqueness of the solutions of (1.4)
in the case of Maxwellian molecules which corresponds to q(z,z’,n) = (| cos(z — 2’,n)|) with
»(u) = Oyo(u™/?).

In both cases, difficulties of the probabilistic approach mostly come from

(1.5) sup q(z,2') = 400,

z,z!



while choosing an analytic approach, one has to deal with the non-linearity (almost quadratic) of
equation (1.1).

Carrying out the change of variables

(2,2’777,) — (Z,z/jA,A/) ] A(Z,Z/,n) _ [(Z B Z’)~n]
{Q(|Z_Z/|,(Z_Z/)-n)dn —’E(Z,Z/,dAdA’) with { ; )

equation (1.4) becomes
(16) &gut == A(ut)*ut

where

Awfe) = | (1G+8) = 1) ( /( o s ut<dz'>) (4A).

The Boltzmann-McKean particle system. Let us take a collision (Lévy) kernel £, we want
to build a Markov particle system whose empirical measure, as the number N of particles tends
to infinity, approaches a weak solution of (1.6). Let us denote 2V = (21,...,2y5) € (IRY)N any
configuration, the set of all the jumps of the biparticules is E = (IR%)?\ {(0,0)}, M;(IR?) stands
for the set of all probability measures built on the Borel o-field of IR?.

Let XV = (X¥)1<;<n be the Markov process on (IRY)N whose generator is defined, for all
® € C;((IRY)N), by
b

N-1 Z /{(I)(ZN+A(i)+A/(j))_q)(ZN)}»C(Zi,Zj,dAdA/)
1<i<j<N’E

(1.7) An®(2N) =

where for all A € IR?, 1 <i < N, Ay = (0,...,0, A,0,...,0) € (IR*)N. The empirical measure of
(4)
ith

1
N ; SN 2 d
2"V is defined by z = N (Szi € Ml(IR ) and

1<i<N
R\ —N 1
X" te0 T X (1) = Z Sxn @y € My (IR?)
1<i<N
is the empirical process of the particle system. If YN(O) £, Uy, then
—N E
(1) XV £ u()

where u(+) is a weak solution of (1.6), with initial condition «(0) = u,. The proof relies upon

Anf(les NEY) = (e, 2)) (AEY)9, 2Y) + O (;;) :

A.S. Sznitmann ([Sz1]) has proved this law of large numbers in the hard spheres case. A consequence
of (1.8) is the propagation of chaos which in its weaker form may approximately be stated as follows.
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If for any N >1, the law of (XV(0))1<;<n (at time ¢t = 0) is vV, then for any k>1 and any t > 0,
u(t)®* is the limiting law of (X¥(t))1<;<k. On this subject see [Sz3].

Some literature connected with the Boltzmann-McKean system. M. Kac ([Kac]), H.P.
McKean ([MK1]) and H. Tanaka ([Tal]) have obtained the law of large numbers (1.8) in the case
of Maxwellian molecules and A.S. Sznitman ([Sz1]) has proved a result of a stronger type, dealing
with XV = % ZISZSN 5X5V(.) instead of X ', in a rather general setting including the case of the
hard spheres. R. Ferland and G. Giroux ([FGi]) have obtained related results for a Boltzmann
equation with cutoff.

The fluctuations around the limit (1.8) have been obtained in different cases by (among others) M.
Kac ([Kac]), H.P. McKean ([MK2]) and K. Uchiyama ([Ucl], [Uc2]).

The aim of this paper is to obtain a large deviation upper bound associated with (1.8) and to study
its rate function I(-). Therefore, we shall get estimates of the type

e (X ) = = 1)
for some subsets A of D([0,T], M;(IR%)). Many large deviations results for Markovian systems of
interacting particles already exist in the literature. Let us mention in the case of weakly interacting
diffusions the paper of D.A. Dawson and J. Gértner ([DaG]) which extends previous results of
H. Tanaka ([Ta2]) and A.S. Sznitman ([Sz2]) and a paper of C. Kipnis and S. Olla ([KiO]) for
the hydrodynamical limit of independent Brownian motion. In the case of pure jump processes,
F. Comets ([Com]|) proved a large deviation principle for the Curie-Weiss model on the torus.
His results have been extended by the author ([Léo]) and by M. Sugiura ([Sug]) to a larger class
of weakly interacting particle systems with jumps. In their article: [BAB], G. Ben Arous and M.
Brunaud derived fluctuation results from a large deviation principle by means of a Laplace method.
In all these papers, the large deviation principles are obtained by taking advantage of an absolute
continuity of the laws of the interacting particle systems with respect to some laws of independent
(non-interacting) particle systems, so that the problem to be solved is to transfer Sanov’s theorem.

Presentation of our results. At section 2, we obtain a large deviation upper bound for the
empirical process of a general particle system which includes the Boltzmann-McKean system
described above. This result is stated in theorem 2.1. The corresponding rate function is given in

an abstract variational form.

At section 3, we give a more explicit expression of this rate function, in theorem 3.1, in the case
of the Boltzmann-McKean system, under assumptions which include the hard spheres and the
Maxwellian molecules with a cutoff potential. During this proof, the main troubles one has to deal
with are the following ones.

(1.9.1)) Because a system lead by equation (1.7) performs simultaneous jumps, there is no nonin-
teracting (i.i.d.) reference (dominating in the sense of absolute continuity) particle system.
Indeed, two independent Poisson processes never jump at the same time.

(1.9.ii) Because of (1.2) and (1.3), the cone generated by the support of the measure £(z, 2/, -) may
not be the whole space. In other words, the diffusion with jumps X* may be degenerated.
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(1.9.iii) The intensity of the jumps is unbounded (see (1.5)).

Although given in a less abstract form than in theorem 2.1, the rate function has still a variational
form, since it appears as the Legendre transform of some log-Laplace functional. The remainder
of the paper is devoted to the obtention of a non-variational expression of the rate function. This
result is stated at section 7, in theorem 7.1.

At section 4, it is explained why the usual approach for the computation of “Gaussian” rate
functions fails when applied to our “Poissonian” situation. It is proposed to introduce some made-
to-measure Orlicz function spaces associated with u +— e* — u — 1 : the log-Laplace transform of
the centered Poisson law with parameter 1, and to take advantage of the Legendre polar form of
the rate function. The problem is then to obtain an extension I' of a functional I' of the form:
fo(ef—f—l)dA.

General results about Legendre polarity are derived at section 5. They will be used at section 6 to
compute the extension I' in theorem 6.6 and its corollary 6.7. Heavy technical troubles appear at
this stage, in account of the bad behaviour of u — e* — u — 1. Indeed, e* — u — 1 grows too fast
when u© > 0 and decreases too slowly when u < 0, so that the Orlicz spaces under consideration are
not reflexive. This is in contrast with the Gaussian situation where e* —u — 1 is replaced by u?/2,
and the corresponding function spaces are L2-spaces.

Finally, at section 7, the results of the previous sections are applied to obtain the non-variational
formulation of the rate function.

Acknowledments. Many thanks to Gaston Giroux for numerous enlightning discussions.

2. An upper bound for a general particle system

In the present section, we prove an abstract large deviation upper bound for the empirical process
of a general particle system. The main results of the section are theorem 2.1, its corollary 2.2 and
proposition 2.3. They will be the starting point for the proof of a large deviation upper bound for
the Boltzmann-McKean system at section 3.

Statement of the results. The state space of the particles is a Polish space Z endowed with
its Borel o-field B(Z). For all N > 1, the N-particle system is described by the cadlag stochastic
process

(xN :Q — D([0,T], 2™)

i )1§i§N
where D([0,T], Z") is the space of all cadlag paths from [0,7] to ZY equipped with its canonical
o-field. In theorem 2.1 and its corollary 2.2 below, we state a large deviation upper bound for the
empirical processes

N
—N —N 1
X te0,T)]—X (t):N;@(iN(t)eMl(Z)

as IV tends to infinity.

Instead of considering xV (w) as an element of D([0,T],M;(Z)), we shall view YN(w)(dtdz) =
N

1 _
(N Z O XN (w,+)(d2))dt as a measure on [0, 7] x Z. This random measure, still denoted by XN, will

i=1
be called a relaxed path.



As a definition, a relaxed path p is a nonnegative bounded measure on [0,7] x Z such that its
marginal projection on [0,77 : pjo7)(dt) = p(dt x Z) is the Lebesgue measure on [0,T7]. Indeed,
a regular version (p(dz)) <, of the desintegration u(dtdz) = p(dz)pjo,r(dt) = p(dz)dt is a
M (Z)-valued path. Such airggular version exists since [0, 7] x Z is Polish, moreover there exists
at most one cadlag version of (u)o<i<7. Conversely, if (ut)o<i<7 is a measurable M;(Z)-valued
path, then p;(dz)dt is a relaxed path.

To control the behaviour of the particle at infinity (in Z), let us introduce a [1,+oo[-valued
continuous function ¢ on Z :
p: Z—[1,400].

Let M, be the set of all probability measures on Z which integrate ¢ :

M, = {¢ € My(2); /Zsod§<+oo}

and C, be the space of all continuous functions g : Z — IR such that sup {

Our set of measure-valued paths is
Dy, = {p; () : t€[0,T] — p(t) € M, such that
for any g € Cy,t € [0,T] — / g(z) p(t; dz) is cadlag}
z
and the set of relaxed paths is
M = {p; p is a measure on [0,T] x Z such that u r)(dt) = dt
and p¢(dz) € M, for a.e. 0 <t <T}.
The set D)y, is endowed with its natural o-field A =0 (m,5; 0 <t < T, B € B(Z)) generated by
the projections my g : 1 — p(B).
We introduce the space C, of test functions on M., consisting of all continuous functions

f +[0,T] x 2 — IR such that sup { £, 2)]
¢ (2)

is denoted by Cg. With the following dual bracket

; (t,2) €0,T] x Z} < oo. Its algebraic dual space

(2.1) (fop) = /[ SR € Cpe M,

one identifies M, as a subset of Cfa, so that
f
DMw C MLP C C@.

These three sets are endowed with the weak-* topologies o (DMV; , Cw) , 0(My,Cy,) and o (C?D, C¢) .

Remarks. * It is interesting to introduce relaxed paths to obtain a larger class of compact subsets
than with the Skorokhod topology, for which oscillations have to be controlled (see the proof of
lemma 2.7 below). Of course, we get weaker large deviation results since closed and open subsets
are less numerous in that topology. Nevertheless, the control of the oscillations may be performed
following the proof of ([KOV], theorem 4.1).



* If ¢ is a bounded function, M, is M; endowed with its usual weak topology. However, at section
3 we shall have to consider an unbounded function ¢ related to the kinetic energy of a particle (see

(3.4)).

For any function F' in the space C’b(CPP) of all real continuous bounded functions on CPP, one defines

1 —N
H(F) = limsup N log EeNF(X )

N—o0

and for all y in Cfo, let
L(p) = sup{F(p) — H(F); F € Cy(CL)} € [0, 400].

Let us state now the main results of this section.

Theorem 2.1. Let us suppose that the function ¢ satisfies

(2.2) Va > 0,3b > 0, hmsup —log IP (Z/ (XN (t))dt > Nb) —a

N —o0

and that there exists an increasing sequence (Ky),>1 of compact subsets of Z such that

k—oo N_oo

N T
(2.3) hm lim sup N log IF exp (7;/0 Tixngr,) dt) =0, Vy>0.
Then, for any measurable subset A in A, we have

1 — _
lim sup N log P(XN € A) < —inf{L(u); pe AM“’}

N—o0
where 4°"% stands for the closure of A in o (Mg, Cy) .

Corollary 2.2. Let us suppose that the conditions (2.2) and (2.3) are satisfied. Then, any p € C&
such that L(yu) is finite belongs to M.,.

If in addition, for any such ;1 one can find a version of (y)o<¢<7 such that t — / gduy is cadlag
z

for any g € Cy,, then for any measurable subset A in A, we have

lim sup % log ]P(YN € A) < —inf{L(p); p € A}

N—o0

where A stands for the closure of A in o (DMw ) Cs@) )

Proposition 2.3. A sufficient condition for (2.2) to hold is that there exists a > 0 such that

N T
1
(2.4) lim sup N log IE exp (aZ/ o(XN (1)) dt) < 400
i=170

N—o0
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and a sufficient condition for (2.3) to hold is that there exist 3 > 0 and a measurable function
Y+ Z — [0, +oo[ with compact level sets such that

N—oo

(2.5) lim su ilo IFEex ﬂﬁ:/T@Z)(XN(t))dt < 400
. pN g p 2 J, i :

The remaining part of this section is devoted to the proof of these results.

Two standard results. Let X be a topological space and (Py)n>1 be a sequence of probability
measures built on its Borel o-field. For any function F' in the set Cy(X) of all continuous bounded
functions on X, let us define

1
H(F) = limsup Nlog/X N dPy, F € Cy(X).

N—oo

Lemma 2.4. Let us suppose that (Py)n>1 is exponentially tight, then for any closed subset C' of
X, we have

1
limsup —log Py(C) < — inf  sup {F(z)— H(F)}.
N—00 N mECFer(X)

Proof. See ([DZe], theorem 4.4.2). W

Let Y be a topological space and X be a subset of Y endowed with its relative topology. Both X
and Y are equipped with their respective Borel o-fields: B(X) and B(Y'). Let Py be a probability
measure on (X, B(X)). One defines its extension Py on (Y, B(Y)) by:

FN(A) = PN(AHX), Ac B(Y)

Lemma 2.5. Let (Py)n>1 be a sequence of probability measures on (X, B(X)) and a rate function
I :— [0,400] such that for any closed subset C' of Y, we have

lim sup % log Pn(C) < —inf{I(y); y € C}.

N—o0

If the set {y € Y; I(y) < +oo} is included in X, then for any closed subset C' of X, we have

1
lim sup N log Pn(C) < —inf{lI(x); z € C}.

N —o0

Proof. See ([DZe], lemma 4.1.5). ®

The proof of theorem 2.1. The theorem 2.1 is a direct consequence of the lemmas 2.6, 2.7 and
2.8 which are proved below.

Let us begin with a simple measurability result. One denotes h ® g(t, z) = h(t)g(z).

Lemma 2.6. The Borel o-field B(Dyy,) on Dy, is equal to the projection o-field A.
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Proof. Since Z is a metric space, A is equal to the o-field generated by the projections:
Tig @ [ fngut, where ¢ describes [0,7] and g describes Cy,. Therefore, for any f € C,,
1€ Dar, — (f,p) = fOT Ty p(t,) (1) dt is A-measurable, so that: B(Dyy,) C A.

Let 6 be a nonnegative continuous function on [0, 1] such that fol 0(s)ds = 1. Consider the right-
hand-side regular approximation (6,,),>1 of dy, which is given by: 6,,(s) = nf(ns). Forall0 <t < T,
g€ Cyand p € Dy,

Oul- =)@, = [ 0u(s = Dloui) ds — laups) = 70 (0)

since s +— (g, pts) is right continuous at ¢. Hence, m; 4 is B(Dp,)-measurable and A C B(Dyy,),
which completes the proof of the lemma. R

For any N > 1, let us define the probability measure Py on the Borel o-field B(C?O) by
(2.6) Pn(A)= P(X" € AN Du,), A€B(Ch).

This definition is meaningful since: A € B(ng) = AN Dy, € A Indeed, B(Dyy,) is the trace of
B(C%) on Dy, that is: A € B(CL) = AN Dy, € B(Dyy,), and one concludes with lemma 2.6.

Lemma 2.7. Let us suppose that ¢ satisfies the condition (2.2). Then, for any closed subset C' of
Ct &, we have
1 _

limsup — log Py (C) < —inf{L(u); p € C}.

N —o0 N
Proof. We apply lemma 2.4 to X = C& and to the sequence (Py)n>1 defined at (2.6). It remains
to check the exponential tightness of (Py)n>1.
For any b > 0, let us set K, = {p € Cfa; >0 and (I® p,u) < b}, so that condition (2.2) can be
expressed by

Ya > 0,db > 0, hmsup—logPN (Cti \Kb) —a.

N—oo o

But K} is compact in o (C};, C@) , by Tychonoff’s theorem. MW

Lemma 2.8. Let us suppose that ¢ satisfies condition (2.3). Then,
{pe Cg; L(p) < 400} C M.

Proof. A similar proof can be found in [DaG]. Let us first notice that p € C% belongs to M., if

and only if
(a) Vf e G([0,T1 x 2), f 2 0= (f, 1) 20
(b) ¥g € Co([0.T)). {g @ L) = [ (1) dt
T x

(c) for any sequence (f,)p>1 in Cy([0, ) which decreases pointwise to 0: lim (f,, u) = 0.

p—00
Indeed, thanks to (c) one can use Daniell’s construction to extend the action of p from C, to
By([0,T] x Z) as a measure (see [Nel], IL.7). Property (a) implies that p is a nonnegative measure,
while (b) implies that p(dt x Z) = dt and p(Z2) = 1 for almost every 0 < t < T Finally, since pu is
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in C%, taking the identification (2.1) into account, we obtain: (I ® ¢, u) = f[o,T}xz o(2) pe(dz)dt <
+00.

Now, let p € Cfo be such that L(p) < +00. We are going to check that u satisfies (a), (b) and (c).
For any f € C,([0,T] x Z) and n > 1, let us define:

Frn(p) = (—=n) V (f,u) An, pecCl

so that FY, belongs to C’b(Cﬁ,).

Verification of (a). Let f € Cp(]0,T] x Z) be such that: f < 0. For all n > 1 and v > 0, we have:
H(vFf,) < 0. Therefore, supvFy (1) < sup{vFsn(p) — H(vFfn)} < L(p) < +o00. This implies
720 7=>0

that : Ff,(pn) <0,Vn > 1, that is: (f,p) <0.
Verification of (b). Let ¢ stand in Cy([0,77]). For all n > 1 and v € IR

H(0F g1,,) = limsup % log I exp (N’y((—n) v /OT o(t) dt A n>> _ 'y<(—n) v /OT g(t) dt A n)

—00

T
Therefore, sup 7 <F9®][ () — <(—n) \// g(t)dt A n)) < L(p) < +o00. This implies that for
yeIR ’ 0

anyn>1, (—n)V(g@Lu) An=(-n)V fOTg(t) dt A n, which yields (b).

Verification of (c¢). Since Z is a metric space, one can build a sequence (l;)r>1 of continuous
functions on Z such that: 0 <1 -1k, <[ <1—-1g, <1,Vk> 1. Let (fy)p>1 be a sequence as
in (c). It is enough to consider (f,)p>1 such that 0 < f, <1,Vp > 1. Hence, for all £ > 1, we have

0< fp <T@+ Lo r)x ks fo-
On the other hand, denoting ay, = sup{f,(t,2); (t,2) € [0,T] x K11}, we get for all n > 1 and
v>0,1< B NFrn(X) < e"NTaks JE exp (’yNF]I®lk7n(YN)) which gives
0<H(yFy,m) < HYFygy, ) + 7Tk p-
An easy consequence of (2.3) is: kli_)n;o H(vFyg, ») =0, and since any nonincreasing sequence

of pointwise converging continuous functions on a compact set also converges uniformly, we get:
lim ag, = 0,Vk > 1. Therefore, for all v > 0 and all n > 1, one gets lim H(yFy,,) =0, and
p— 00

p— 00

0 < y(limsup(fy, p) An) = limsup{yFy, n(p) — H(vFf, n)} < L(p) < +o0.

p—o00 p—00
It follows that lim (f,, x) = 0. This completes the proof of the lemma. R
p—00

The proof of corollary 2.2. The first part of corollary 2.2 is lemma 2.8. The additionnal
assumption implies that {L < 400} C Dyy,. One concludes with lemma 2.5 and theorem 2.1. ®

The proof of proposition 2.3. Let us begin with the implication: (2.4) = (2.2). We set:
N T
1
h(z) = lim sup N log IE exp (xZ/ o( XN (1)) dt) , € IR. The assumption (2.4) states that
i=170

N —o00

there exists o > 0 such that h(ag < +o0.
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For all b greater than the right-hand derivative of h at 0, we get

N T
1 1
limsup — log IP | — / XN(@#)dt >b| < — sup {bx — h(z)} := —h*(b
s s (13 [ o0t 2 1) < sop 100} = 10

and for all b > b~ : the left-hand derivative of h at « (possibly choosing «/2 instead of «, one can
choose a such that b~ < +00), we get

h*(b) > sup{bx — h(x)} = ba — h(a).

<«

a+ h(a)
«
Now, let us check: (2.5) = (2.3). For all k > 1, let K = {¢ < k} be a compact level set of .

N T N T
Bk
IE exp <B;/o w(XiN(t))dt> > IE exp <’y ;’Y/O ]I{XiN(t)QKk}dt>

N T
> (]Eexp (Zv/o ]I{Xf\’(t)€Kk}dt>>
=1

as soon as k > /3, by Jensen’s inequality. Taking (2.5) into account,

Therefore, taking b = max (b_, > , we have obtained (2.2).

Bk
v

N T
1
0 < limsup NlogEexp (Z'y/o ]I{va(t)gKk} dt)
i=1

N—oo

o /Bk N—o0 k—oo

N T
1
< llimsupflogIEexp BE / Y(XN(@)dt| — 0
N i=1"0

which is (2.3). =

3. The upper bound for the Boltzmann-McKean system

In the present section, a large deviation upper bound is proved for the Boltzmann-McKean system:

(XzN) 1<i<N’

stated in theorem 3.1. The starting point of its proof is theorem 2.1. In theorem 3.1, the rate

whose evolution is governed by the generator Ay described at (1.7). This result is

function of this upper bound is obtained in a variational form. A non-variational expression for

this rate function will be stated in theorem 7.1.
Let us assume that the initial data and the Lévy kernel £ satisfy the following hypotheses.
The assumptions (A). There exists a Cl-function ¢ : IR? — [1, 4+o0[ such that

(3.1) lim ¢(z) =400

|z|—o0

which satisfies the following requirements.

We assume that the initial configurations (XZN (0))1 <<y are such that

11



N
(Ap) lim sup N log IE exp (aZg@ XN(O))> < 400 for some a > 0.

N —o0 i—1

Without restriction, we choose the collision kernel £ such that
L(z, 2, dAdA") = L(Z', z,dN'dA), Yz, 72 € IR VdA,dA" € B(IRY).

Let us denote E = (IR%)?\ {(0,0)} : the set of the jumps of the biparticles. We assume that there
exists a real number A > 0 such that for all z, 2’ € IR%:

(A1) / {explo® (2 + A, 2"+ A') —p@p(2,2)] — 1} L(2,2,dAA) <X p @ p(z,7),
E

(A2) /E (Tgarian<ay + (Al +[ADIajar21)) L(2,2, dAIA") < A1+ p(2)p(2)),

(As) for any continuous bounded function g on E,

(2,2') € (IRY)? / (A|+ |Ag(A, A') £(z, 2, dAdA') € IR is continuous,
E

and one assumes that
(Ay) for any compact subset K of (IR%)?,
et / Terazranexy (Tapran<ay + 1A+ A DI a4 A 21)
(2,2")€(IR%)2 JE
X L(z,2,dAdA") < +o0.
Some comments about the assumptions. We have introduced the control function ¢ to

overcome the difficulty (1.9.iii).

For the initial condition, we may choose one of the following situations (3.2) or (3.3).
(3.2) Deterministic initial condition: There are a sequence (z¢ )Z>1 in IR? and a probability measure
po in M7 (IR?) which satisfy:

z) po(dz) < +o0, b0 —> poin M IRd and sup — ) < 400,
| e@naz) Z o o P in M sup Zso
such that for any N > 2, XN (0) = 2¢, 1 <i < N, almost surely.

(3.3) Chaotic initial condition: For any N > 2 the law of (XfV(O))
po € My (IR?) satisfies:

. QN
l<i<n 18 equal to pd"" where

/ exp (ap(z)) po(dz) < 400, for some a > 0.
R4

Let us see how the assumptions (A) are translated in the case of the spatially homogeneous
Boltzmann equation (1.4). Because of the conservation of kinetic energy (1.3), we choose

(3.4) p(2) =1+ |2

which immediately yields (A;). Assumption (As) becomes

(35) / (]I{\(zfz’)-n|<1} + ]I{|(zfz’)-n|21}|(z - Z/) ’ n’) Q(Z> zlan) dn < A (1 + ’Z‘2‘2/|2) )

2
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for some A > 0 and for any z, 2’ € IR?. Because of this, to get (A3) it is enough that
(3.6) (2,2') — |(z — 2') - n|q(z, 2 ,n) dn is continuous on (IR%)%.
Sa

The conditions (3.5) and (3.6) are satisfied in the case of the hard spheres and of the Maxwellian
molecules with cutoff, while (A4) is a direct consequence of the conservation of kinetic energy:
(1.3).

When £ comes from (1.4), ¢ is given by (3.4) and the chaotic initial condition (3.3) is physically
realistic since it includes the case of N independent particles at equilibrium. Indeed, in many cases
the equilibrium distribution (as ¢ — oo) is the Maxwell distribution which is a normal law. It is
true for the hard spheres (see [Ark]) and for the Maxwellian molecules (see [Tal]).

Assumption (As) implies
/ (|A] 4+ |A"|) L(2,2',dAdA") < 400, ¥V 2,2 € Z
E

which turns (1.7) into a meaningful definition of Ay. More generally, (A2) also implies the local
boundedness property

sup { / (JA] +|A'|) L(z, 2", dAdA) 5 2,2" € Z, |2| + 7] < k:} < 400, Vk > 1.
E

Some notations. Let us denote
Df(t,z,A) = f(t,z+ A) — f(t, 2)
Df(t,z,2,AA) = f(t,z+ A) — f(t,2) + f(t, 2" + A") = f(t,2'),
Az =z — 2, 0<t < T,z € D(0,T], IRY).

The spaces M,, My, Dy, Cyp, Cyp and C&, are defined as in section 2 with Z = IR®.

For any N > 2, the process Xy is built on the probability space (Q N, FN ), where 25 stands for
D ([o, 1, (IRd)N) which is endowed with its canonical filtration (ftN)ogth and FN = FN. Its
law Qn on Qp is a solution to the martingale problem associated with the generator Ay on the
domain C}((IR?)V) (see lemma 3.2 below). Although the only material needed for our purpose
is {Qn; N > 2}, for the sake of clearer notations we introduce a strong representation (£2,.4, IP)
such that IP o (XV)™! = Qu for all N > 2.

(3.7) Remark. As a definition, the paths of D ([0,77], (IR*)") are assumed to be left continuous
at T. Since the Lévy kernel we consider are absolutely continuous with respect to the Lebesgue
measure dt on [0, T, this corresponds to a negligeable modification of the processes. The advantage
is that both canonical projections at times t = 0 and ¢ = T are continuous.

Statement of the upper bound. The main result of this section is the theorem 3.1 below.

Let us mention that under a deterministic initial condition (3.2), the rate function for the initial
condition is given by

_ 0 if M(O) = Po
Io(,LL(O)) - { “+00 if ,u(O) 7£ Po

13



and under a chaotic initial condition (3.3), we have

dp(0) .
Lo(p(0)) = /md 1°g< dpq (Z)> pO)(dz) if /;(0) < o
+00 otherwise,

ie. I,(1(0)) is the Kullback information of 1(0) with respect to p,.
For all € Dy, and all f € C31([0,T] x IR?), let us denote

/0 (f(ts)s fe — Alpe) pe) dt = (f (T, ), pr) — (£(0,-), o) —/0 (O + Ape)) f (2t -, pe) dt.

We shall need the log-Laplace transform of the centered Poisson law with parameter 1, which is
given by

(3.8) T(u) =e*"—u—1, ue lR.

Theorem 3.1. (Upper Bound). Let us suppose that the assumptions (A) are satisfied, then for
any closed subset C of Dy, we have

1 _
limsupﬁlogP(XN €C) < —inf I(p)

N—o00 nel
where
I(p) = I (1(0)) + J (1)
and
T
(39 Jo= s { = Ay
fectt(j0,T)x IR4) 0

T 1
—/ dt/ T(Df(t,z,z’,A,A’))E(z,z’,dAdA’)u§2(dzdz’)}.
0 (IR1)2x E 2

The remaining part of this section is devoted to the proof of this result, which is a consequence of
the results of section 2.

The proof of theorem 3.1. Let us begin this proof by checking that the N-particle system under

consideration exists.

Lemma 3.2. Under the assumptions (A), for each N > 2, there exists a unique solution Qn to
the martingale problem associated with the generator Ay on the domain C((IR))Y), (see (1.7)).
Proof. Let us consider for each n > 1, the stopping times 7T, = inf {t >0, ® (ng) > n} where
® (V) = Zf\lzl ©(zi). Because of (3.1), up to time T,, the process stands in a bounded set C,
such that |, 5, Cy = IR™ so that T := sup,,>; T, is an explosion (stopping) time. Because of

(Ag), for allm > 1: sup L(z,2,F) < oo and one can build a stochastic integral with respect
z,2'eCy

to a stationnary Poisson point process (the same one for each n > 1), which is a solution to the
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martingale problem associated with £ and stopped at T, (see [EKL] or the proof of ([IkW], theorem
I1.7.4)). Moreover, such a solution Q™ is unique (see [Szl], Appendice, lemme 1), so that there
exists a unique probability measure @ on F, - associated with Ay. By Itd’s formula, with A as in
(A1) (we drop N)

tAT,
E° e*A(tAT")Q(XMTn)] = E9® (Xo) + E° / e (An® (X,) — A® (X)) ds
0
< E9®(Xy), (r<e”—1and(4;)).

Therefore, ¥V 0 < t < T, n > 1, E?® (Xir1,) < erMTEQ® (X)) < +o0o (by (4Ap)). Letting n
tend to infinity, by Fatou’s lemma, we get supg<;<r E®® (X4p7..) < 400, which implies that
Q (T <T) =0, thanks to (3.1). It remains to take for @y, the restriction of @ to Fr. ®

Let us give now an elementary result of stochastic calculus which will be the starting point for the

computation of the action functional.

Lemma 3.3. Suppose that there exists a probability measure P on D ([O,T],IR’“), which is a
solution to the martingale problem associated with the generator (A; ; 0 <t <T) on the domain
CL2 ([0, T) x IR*) given by

Aif(z) = b(t, 2) - Vf(2) + IRk{f(z +A) = f(2) —A-Vf(2)} Lt z ;5 dA)

where b : [0,T] x IR*¥ — IRF and £ : [0,T] x IR*¥ — M, (IRY) are measurable and
Jie (AP AJA]) L(t, 2 5 dA) < +oo for all (t,z). For any g in C3% ([0,T] x IR¥), 0 < ¢t < T
and x in D ([O,T]7 IR’“) , let us denote

729 (x) = exp |g (t,21) — g (0,z0) — / (0 + Ag (5, 7.) ds

_/Ot(/IRI:T(g(s,a:s—i—A)—g(s,xs)) ‘C(vas’dA>)dS:|

where T is given at (3.8).
Then, Z9 is a local nonnegative P-martingale, hence a P-supermartingale.

Proof. Let (X;)o<t<r be the canonical process. To make the proof simpler, we shall view it as a
formal solution of the stochastic differential equation

dX, = b(t, X,— ) dt + AX; — (/ A,C(t,Xt;dA)> dt where AX, — (/ AL(t,Xt;dA)> dt is the
E E

formal increment of a purely discontinuous local martingale with Lévy kernel: £(z;dA), and set of
jumps: E. For any regular function f, we have It6’s formula

df(t, Xt) = atf(t, th) dt + fo(t, Xt—) . dXt
+f X + AX) = (8 X ) = Ve f(, X ) - AXG

Let us denote Df(t,z,A) = f(t,x + A) — f(t,z) and 1D?f(t,z,A) = f(t,z + A) — f(t,z) —
Vef(t,x) - A. In the following, M and N will stand for any local martingales. As we have
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dX; = b(t, X;-)dt + dM; and D2f(t Xi-,AXy) = (ff D3f(t, X, ,A)E(t,th;dA)) dt—l—dNtf,
thanks to It6’s formula:

df (t, Xe) = Op f(t, Xy- ) dt + Vi f(t, Xi-) - (b(t, Xi-) dt + dMy)

1
+3 </ D*f(t, Xt,A)ﬁ(t,Xt;dA)> dt + dN/ .
E
That is
t

(3.10) f(t, Xy) = f(0,Xo) + / (85 4+ Ag) f(s, Xs)ds + M

0
where (Mtf )i>0 is the local martingale formally defined by

(3.11) M = Df(t, X, ,AX)) — | / DF(t, Xy, A) Lt X, dA)] dt.
E

¢

Let (Z:)1>0 be a process of the form Z; = exp (f(t,Xt) — (0, Xy) — / U, ds) where (Uy)>0 is a
0

previsible process. We want to specify (Ut):>¢ so that Z is a local martingale.

t
Let Y; = f(t,X;-) — f(0,Xp) —/ U, ds, so that Z; = e¥*. Applying Itd’s formula, we get
0
Az, = 7, (dYt + T(Am)

where the function 7 is given at (3.8). Thanks to (3.10), we have dY; = ((&t + A f(t, Xi-) —

U)dt + dM]. We also get T(AY)) = ([ 7(Df(t, X, A)) L(t, X;-;dA)) dt + dN7, since
AY; = Df(t, X;-, AX;). Therefore,

dZ, = Z,- ((at F AN X,-) + /E T(Df(t, Xp—, A)) L(t, Xp—; dA) — Ut> dt + Z,— (dM{ + dN7)

and (Z;);>0 is a local martingale if and only if U; is such that the term multiplying Z;- dt vanishes.
Eventually, taking (3.10) and (3.11) into account

Zy = exp |:f(t7Xt) - f(07X0) - /0 (88 + As)f (37Xs) ds

_/Ot (/ET(Df(s,XS,A))E(S,XS;dA)> ds]
> Df(s,Xs,AXs)—/Ot (/EDf(s,Xs,A)E(s,Xs;dA)> ds

0<s<t
_/Ot </ET(Df(8,XS,A))L(SjXS;dAO ds]

t
— ZS— (eDf(57Xs—7AXS) _ 1) _/ (/ Zs <€Df(S7XS7A) _ 1> £(S,XS7dA)) ds
0 E

0<s<t

:exp[
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is a local martingale. As a consequence of Fatou’s lemma, any nonnegative local martingale is a
supermartingale. W

N
1
Let (2,...,2N) be a N-tuple in (IR*)" . We have already introduced z¥ = — S~ € My (IR?) :
1 N N ZZ

i=1
its empirical measure. Let us also consider
1 N 1 <
N _ _ >N\ ®2 d\2
S i R DL S (<Z )% - W.Z%z«zm) € M((IEY?)
1<i#j<N i=1

For any real function f on IR, we set f @® f(z,2') = f(2) + f(2'). It is immediate to see that

N
(3.12) S o flaz) = N<§f O f,3) = N2 =3 fz).

1<i<j<N

(N —1)

Lemma 3.4. Let us suppose that the assumptions (A) are satisfied, then there exists v > 0
such that

N—oo

N T
1
lim sup N log IE exp (72/ o(XN (1)) dt) < +o0.
=170

Proof. By Jensen’s inequality, we get

N T 1 T N

(3.13) IE exp <'yz /0 o(XN (t))dt) = IE exp <T7T /0 Z@(XZN (t))dt)
T N

= / Eexp (T'y;w(){{v <t>>> dt

N
sup IF exp <T’ng0(XiN(t))> )

IN

IN

0<t<T

Let o and X be chosen as in (Ap) and (A;). By lemma 3.3

Z; = exp [aektiw(?{fv(t)ﬁr/ot e (a)\i_v:@(XfV(S))

1

N _1 Z /E e)‘s{ exp[ae*)‘st(XlN(s),X;-V(s), A AN - 1}

1<i<j<N

LXN(s), XN (s); dAdA’)) ds}
is a @ n-supermartingale. And using (3.12), one obtains
t
Z; = exp [N<ae”so @ p(ae, ) + / e (aw © p(as, )
0
—/ e**{explae™** Dp(zs, 2, A, A')] — 1}
E
/ / 1 v N /
L(zs, 2", dAdA )) ds, 5 X" (dadz )>].
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But, a(e*?/* —1) < a(eP —1),VD € IR,a > . Therefore, choosing o < 1 in (A4g) (which is not a
restriction), with a = e**, we obtain: e** (exp(ae*/\sD) —1) < a(e” —1),Vs > 0 and

arp @ p(zs, 7)) — / e**{exp(ae™* Dp(s, 2, A, A)) — 1} L(w,, 2, dADA)
E

>« ()xgo & p(xs,xl) — / {exp(Dp(xs, xt, A, A")) — 1}£(ms,x’5,dAdA')>
B

> 0.
The last inequality comes from (A;). Hence,
N
Zy > exp (ae” > exy (t))) NMO<t<ST
i=1
and for all 0 <¢ < T

N N
IE exp (ae_’\T Z <p(XlN(t))> < Fexp (ae‘” Z go(XfV(t)))

1=1 =1

N
< BZ, < EZy= Eexp (aZ p(XY (0)>) :
i=1

Considering (3.13) and (4), we conclude with v = (e A1)e T /T. =

The proof of theorem 3.1. Instead of YN, let us consider the process

=~ 1
1<i#j<N

Considering XV instead of YN, Z? instead of Z and ¢ @ ¢ instead of ¢, we define the spaces
Moges Diyg, > Comyp and Ci@p similarly to M, Dy, C, and CPP at section 2. It is immediate to
see that the results of section 2 still hold for X with the corresponding spaces. In particular, by
theorem 2.1 and proposition 2.3, if ¢ @ ¢ has compact level sets in Z? and if one can find v > 0
such that

N —o0

1 T ~
lim sup i log IE exp (*yN/ (0@, XN (1)) dt) < 400,
0
then for all closed subset C' of Mg, (With respect to the topology (M ey, Coay)), We have

: 1 SN A : - oy E ¢
(3.14) h]{;nj;lop N log P(X" €C) < _glg(fj sup {F(ﬁ) —H(F); Fe Cb(Cw@SD)}

L 1 o~
where H(F') = limsup N log EeNFX™),

N—o00

As a consequence of lemma 3.4 and (3.12), (3.14) is satisfied under our assumptions.
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For any f € C}1([0,T] x IR?), g € Cy(IR?) and & € Dy

Ff(g) = <f®f(T7')7§T>_<f®f(07'>7§0>

1
- (fi(t,z) + fi(t,2") =&(t; dzdz2)dt
[0,T)x (IR)? 2

+5, let us define

1
- (exp[Df(t, 2, 2", A, A")] = 1) L(z, 2, dAdA") 2&(t; dzdz")dt  and
(0,T]x (IR4)2 x E 2

Frg(€) = (3g@g.&)+Ff(&)

By (Az), (A3) and (A4), F} is continuous and bounded on Dir, g, (using remark (3.7)). Let us set

ZNF — exp [N ( Ft,2) X, (dz) — £(0,2) X5 (d2) —/ 0.f(s,2) X, (dz)ds
IR4

IRd [0,t] x IR®

1 ~
_ / (expDF(t, 2.2/, A A = 1) L £(z, 2, dAIA) XN (dzde')is ) |
(0,6] X (IR1)2 X E 2
Then, by lemma 3.3 and (3.12), exp(N(g,YN(O»)ng’f is a supermartingale, so that:

Eexp(N{(g, X (0))Z3F = Eexp(NFyo(XV)) < Eexp (Z g(XfV(O))>

i=1
and H(F;,) < H,(g). This and (3.14) lead us to

1 ~ ~ -
limsup — log P(XY € C) < — inf sup {Ff,g(g) — H,(g9); f € CHY([0,T] x IRY), g € Cb(IRd)}
N—oo N gecC

= — inf (sup{(ég@g,f@ —Hy(9); 9 € Cb(IRd)}
el

+am{@@%f€C%WWJWXHW”>

for all closed subset C' of M,
We get the upper bound for X in M, choosing C = {t = pt @ pe; p € C} with C a closed subset
of M, and noticing that

Fr(ue?) = Aﬂﬁ@%m—Awmth

1
- T(Df(t, 2,2, A, A)) ZL(z, 2, dAdA" ) u®? (t; dzdz')dt.
0,T]x (IR4)2 x E 2

Finally, it will be proved in proposition 7.2 that y belongs to Dy, provided that I(u) < +o0o. We
conclude by means of corollary 2.2 H

4. How to study the rate function

The aim of the rest of the paper is to give a non-variational expression for the rate function J(u)
which was given in a variational form in theorem 3.1. This result will be stated in theorem 7.1. Such
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a result is well-known in the “Gaussian situation” arising from similar problems where the particles
perform continuous diffusions (see [DaG] or [KiO], for instance). In contrast with the “Poissonian
situation” which is studied here, in the Gaussian situation the exponential function 7 is replaced by
a quadratic one. When one wants to carry the proofs from the Gaussian situation to the Poissonian
one, it is useful to introduce Orlicz spaces related to the function 7 which will play the role of the
L?-spaces of the Gaussian situation. Nevertheless, the “Gaussian proof” heavily relies on the Riesz
representation of the dual of a Hilbert space, and the proof breaks in the Poissonian situation where
no natural Hilbert spaces arise. In the present section, we introduce the Orlicz spaces of interest,
we begin the translation of the Gaussian proof into the Poissonian situation, we show where and
why it breaks and we give a sketch of an alternate proof which will be developped in the remainding
sections: 5, 6 and 7.

About Orlicz spaces. In this subsection, some basic notions about Orlicz spaces are recalled.

For more details, see [KRu| or the appendix of [Ne2], for instance.

Let X be a Polish space endowed with its Borel o-field and a nonnegative bounded measure p.

The space LP(X,p), when 1 < p < 400 is the Orlicz space associated with the Orlicz function:

0,(u) = uP/p,u > 0. As a definition, an Orlicz function is a convex function 6 : [0, co[— [0, 00]
0(u)

such that (u) =0 <= u =0 and lim —— = +00. One proves that
u

U— 00

Hh\|g:inf{c>0;/ 0<’h|> dpgl}
X C

defines a norm on the space B(X) of all Borel measurable functions, where two p-almost everywhere
equal functions are identified. The Orlicz space Lf(X, p) is defined by

LY(X,p) = {h € B(X); ||hllg < +00}.

Endowed with the norm || - ||g, it is a Banach space. This space coincides with the set {h €
B(X); [ 0(|h]) dp < oo} if and only if the function 6 satisfies the moderate growth condition:

(4.1) Jde > 0,u, > 0,such that 0(2u) < cf(u), Vu > u,,

as it is the case for 6, (u) = u?/p,1 < p < 0.
Let us denote E?(X, p) the closure of the space of all bounded Borel functions in L(X, p). The
spaces LY (X, p) and E?(X, p) match if and only if § satisfies (4.1).

Riesz theorem for Orlicz spaces is the following: one identifies the topological dual space of E?(X, p)
with the Orlicz space L (X, p) for the duality bracket:

(f.h) = /X fhdp, fe L% (X, p).he E°(X, p)

where 6* is the Legendre transform of ¢ : 6*(v) = sup,>o{uv — 0(u)}, v > 0, (6 is also an Orlicz
function). The starting point for this identification is the Holder inequality

o-lhllo, f€ L (X,p),h € L(X,p)

(4.2) /X [l dp < 2|f
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which one proves thanks to: uv < 6(u) +60*(v), Yu,v > 0. Notice that ¢y = 0, where 1/p+1/q = 1.
The Legendre transform of the function 7 given at (3.8) is

(v+1)log(v+1)—w ifvo>-—1
(4.3) () =14 +1 ifo=—1

+o0 if v < —1.

The restrictions to [0,00[ of 7 and 7* are Orlicz functions; one denotes L™, E™, L™ and E™ the
corresponding Orlicz spaces. Notice that although 7* satisfies the condition (4.1), 7 does not.
Therefore, in general

(4.4) ET < L7, (E"Y =L7 =E" and (E") =(E" ) =L7;

so that in most situations, the space E7 is not reflexive.

A first approach. Let us proceed as in the Gaussian situation (see [DaG] or [KiO]). Pick up
in Dy, . For any function f € CL1 let us denote

(45) 0= | U7 Yo — Al ) de
= (AT )opir) = (10, )p) = [ @+ A A )
and define the measure on [0,T] x (IR%)? x E
A, (dtdzdz' dAdA) = %L(z, 2 dAdA") pP? (dzdz') dt

which is bounded under the assumption (As).

Consider the Orlicz space L7([0,T] x (IR%)? x E,A,) endowed with its norm || - ||-,a, and recall
that for any f € CLY Df(t, 2,2/, A, A') = f(t,z + A) — f(t,2) + f(t, 2 + A’) — f(t,2'). Since

(4.6) T(u) < 7(|u]), Yu € IR,

because of (3.9) and (4.5), we get:
w0 - [ F(ADf]) dA, < J(n), YA € IR, f € CI.
(0,T]x (IR%)2 X E
Therefore, choosing A = 1/[|Df||7,a, and A = —1/|[Df||+,a,,, we obtain

u(DF< A+ T() DS ll-a,., VS € Co't

and if p is such that
J (1) < oo,

passing to the factor space where f and g are identified whenever Df = Dy, we see that [, is a linear
form on DC,' = {Df ; f € C}''} which is continuous with respect to the norm ||-||,,. Since DC,"!
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is included in E7([0,T] x (IR%)? x E,A,), thanks to the Hahn-Banach extension theorem and to
the Riesz representation for the Orlicz spaces, there exists a (in fact, infinitely many) measurable
function K on [0,7] x (IR%)? x E such that K € L™ ([0,T] x (IR%)?> x E, A,,) and

(4.7) L(f) = KDfdA,, Vf e CH.

/[O,T]X(IR4)2><E

Of course, one can also write (4.7):

(48) <f(T7 ')7 MT> - <f(07 ')7 M0> - /0 <8tf(t7 ')7 Mt) dt = Df d[<K + 1) ’ AH]

/[‘O,T} X (IRY)2XE
Because of the identity

v+1
eu

(4.9) w —7(u) =7%(v) — 71" ( - 1) , Yu € IR,v > —1,

we obtain that if K > —1, then

J(u) = sup {z,xf) - / ~(Df) dAu}
fect? [0,T)x (IR?)2X E

K+1
(4.10) = / T (K)dA, — inf / ™ (1‘; - 1) ePrdA,
[0,T]x (IRY)2x E fecyt J[0,T1x (IR)2 x E €
- I((K+ 1)-A, | AM) — inf I((K+ 1) A, | e AM>
fecst
. [ da . . . .
where I(a | ) = / T <dﬂ — 1) dp is the “Kullback information” of the nonnegative measure «

with respect to the nonnegative measure (3.

Hence, one has to solve the following problem: show that there exists a unique K = K, satisfying
(4.8) such that

(4.11.a) K,> -1 and
(4.11.b) inf 1((1{# 1) A, e Ap> —0
feck

Then for this priviliged K, we would obtain that

(4.12) J(n) = / (K, dA,.
[0,T]x(IR4)2x E

In the Gaussian situation, the problem (4.11) does not appear: no analogue of (4.11.a) arises,
because of the symmetry of u + u?/2, and the analogue of (4.11.b) is simply solved by a usual
orthogonal projection argument, while (4.11.b) has something to do with Csiszéar projection ([Csi]).
Notice that the inequality (4.6) prevents from proving (4.11.a) by means of the present method. In
order to solve (4.11), we have to change our approach.
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A second approach. Let C be a vector space, C! its algebraic dual space and ' a nonnegative
convex function defined on C such that I'(0) = 0. Its Legendre transform is defined by

I* 11 eC* —sup{(l, f) = T(f)} € [0,00].
fec
With C = DCYY, I(Df) = 1,,(f) given by (4.5) and I' =T',, given by
(413) ru(h = | r(f)dAy., f € DO,
[0,7]x (IR4)2 x E

one can write (3.9):

(4.14) (1) = T4 (0,).

Our aim is to express I'* (1) in a non-variational form. For this purpose, we shall use convex analysis.

Suppose that I' is Gateaux-differentiable on C and denote I'(f) € C* its Gateaux-derivative. We
shall recall in proposition 5.1 the classical result relating the derivative of I to I'*. If we apply this
proposition with (U, G) = (C,T") and (V,G*) = (C*,I'*), we obtain that for all the I’s of the form
I =T"(f;) for some f; € C:

(4.15) (1) = (I fy = T(f).-

This would solve our problem if all the I’s were of the form I''(f). But, the effective domain of T'*
is strictly larger than {I"(f); f € C} in the situation we are dealing with. It is the reason why we
shall introduce the function I' defined on the algebraic bidual C* of C by

T:¢eC%sup{(,1) —T*(1)} € [0, 0]
lect

Indeed, since T is the Legendre transform of I'*, the analogue of (4.15) is T'(§) = (&, l¢) — T (I¢)
where ¢ is a solution of I'*/(l¢) = €.

It will be proved in proposition 5.3 that for all [, internal point of the effective domain of I'*, there
exists & € C* such that

(4.16.a) (1) =¢&.
Consequently, for such [’s, we obtain

(4.16.D) () = (&,1) — T(&),

which is the desired result. The main reason for the existence of & in C*, is that & is a slope
of the convex function I'* at the point | and the existence of an algebraic slope (without a priori
continuity properties) is insured by the geometric form of Hahn-Banach theorem (and hence the

axiom of choice).
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Choosing | =1, and I' =T, given by (4.5) and (4.13), (4.14) is J(u) = I'*(1). Then, the identity
(4.16.b) is (4.12) where the privileged K, is given by K, = &, : solution of (4.16.a).
Section 5 will be devoted to the proof of (4.16), while section 6 will be devoted to the computation

of f# (see the corollary 6.7). Finally, we shall use these results at section 7, to give a non-variational
formulation of J(u) (see (4.12)) in theorem 7.1.

5. About Legendre polarity

We begin recalling, in proposition 5.1, standard results about Legendre polarity. Then, the notion
of Gateaux-differentiation in the direction of a vector subspace is introduced. It will permit us,
in proposition 5.2, to investigate relations between the slopes of a function and the domain of its
Legendre transform, and to state in proposition 5.3, the desired relation (4.16) between I'* and T.
Finally, lemma 5.4 and proposition 5.5 are preliminary general results for the computation of fu-

A classical result. Let U and V be two vector spaces in duality with respect to the bracket:
(u,v) € UXV — (u,v) € IR, a function G : U ] —o00, +00| and its Legendre transform G* defined
by

G veVm— 21618{@,1)) — G(u)} €] — 00, +00].

We suppose that there exists u, € U such that G(u,) < 4+o00. This implies that G*(v) > —o0, Vv €
V. If u belongs to the effective domain of G : dom G = {u € U; G(u) < +o0}, the subdifferential
of G at u is defined by:

OvG(u) ={veV;Gu)+ (hv) <G(u+h),Vh € U}.

A vector v € V' is called a slope of G if there exists a € IR such that (u,v) —a < G(u),Vu € U and
the set of all the slopes of G is denoted by Sg. One defines the Legendre bipolar of G by

G:uclUwrs 31618{<u,v> — G*(v)} €] — o0, +00].

We call convex o(U,V)-lower semicontinuous regularized of the function G the largest convex

o(U, V)-lower semicontinuous function below G.

Proposition 5.1.

(a) U OvG(u) C Sg = dom G*
uedom G

(b) for any u € dom G such that Oy G(u) # 0 and any v € V, we have:
v € dyG(u) <= G(u) + G*(v) = (u,v)

(c) v € dyG(u) = u € IyG*(v)

(d) if G is convex and o(U, V')-lower semicontinuous, we have:

v E 8{/G(U) <~ u € OyG* (U)

(e) if G is convex and bounded below by an affine o(U,V')-continuous function,
then G is the convex o(U, V)-lower semicontinuous regularized of G.

24



Proof. (a) is a consequence of the definitions. For the other statements, see ([EkT], Proposition
5.1, Corollaire 5.2 and Proposition 3.3). ®

The slope-domain polarity. To study the relations between the domain of a convex function
and the slopes of its Legendre transform, we are going to introduce the notions of continuity and
Gateaux-differentiability in the direction of a vector subspace. The properties stated below are
simple modifications of basic properties of convex functions (see [EkKT] or [Gil], for instance).

Geometric notions. Let Y be a vector space, C' a vector subspace of Y and ¢ : Y ] — 00, +00] a
convex function. The effective domain of ¢ is dom ¥ = {y € Y ; ¥(y) < +00}. The C-interior of
dom 1 is the set of all y € dom v such that: Vh € C,3a > 0, [y, y + ah] C dom 1, it is denoted by
C-idom ¢ (when C' =Y, it is denoted idom ).

The function v is said to be Gateaux-differentiable in the direction C' (or C-Gateaux-differentiable)
Wy + th) — (y)

exists for all h € C. We set

at a point y € C-idom 1, if the limit 7yr%

t
( (0). ) = lim POy e

Since 1 is convex, ¥’ (y) belongs to the algebraic dual space C* of C. If C' =Y, the usual notion of
Gateaux-differentiability is recovered.
For any point y of dom 1), one defines the Cf-subdifferential of 1 at y by

Bestb(y) = {€ € CF5 (y) + (&, h) < w(y +h),Vh e C}.

Since 1) is convex, at any point y of C-idom 1, the set J¢:t)(y) is non-empty. Moreover, v is
C-Gateaux-differentiable at y if and only if d¢rt)(y) is reduced to a unique point. In such a case:
Oes b (y) = {¥'(y)}-

Topological notions. Suppose now that Y is a topological vector space and that C' is endowed with

its relative topology. Denote C’ the topological dual space of C. One says that 1) is continuous in
the direction C' (or C-continuous) at y € C-idom 1) if there exists a neighbourhood V, of 0 in C
such that y + V,, C dom 1 and if the function h € V,, — 9 (y + h) € IR is continuous at 0. As ® is
convex, if it is C-continuous at y € C-idom 9, then desth(y) C C”.

In the particular case where C' = Y, we have: v is continuous on idom % if and only if ¢ is
continuous at one point of idom 9 (or equivalently: 1 is bounded above on a neighbourhood of this
point). Then, idom 1 coincide with the topological interior of dom . This result does not extend
to the case where C is a strict vector subspace of Y.

The slope-domain polarity. After these general considerations, let us explore some of the relations

between the domain of a convex function and the slopes of its Legendre transform.

Let C be a topological vector space, C’ and C” its topological dual and bidual spaces. We consider a
function G : C' —] — 00, +00] and its Legendre transform G* on C” : G*(y) = sup {{z,y) — G(z)},
xeC’

y € C”. We perform the canonical embedding C C C”.

Proposition 5.2. Suppose that G is a proper convex o(C’,C")-lower semicontinuous function
which is bounded below by a o(C’,C")-continuous affine function.
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(i) If
(a) G is Gateaux-differentiable,
(b)  idom G = dom G and
(c)  G* is C-continuous on C-idom G*,

then
C-idom G* C {G'(z); x € dom G} C dom G*.
(i) If
(d)  G* is C-Gateaux-differentiable,
(e)  C-idom G* = dom G* and
(f) G is continuous on idom G,
then

idom G C {G*(y); y € dom G*} C dom G.

Proof. The duality which we consider is (C’,C"). We shall write 0G(x) for dc»G(x) and 0G*(y)
for oG (y). Since G is convex and o(C’,C")-lower semicontinuous, thanks to 5.1.e (part (e) of

the proposition 5.1), we get G = G.
Let us show (i). By 5.1.b, we have

U 0G(z) C dom G*.

zedom G

Together with (a) and (b), this yields: {G'(z); = € dom G} C dom G*.

Let y € C-idom G*, as by (c): G* is C-continuous, there exists x, € C' such that z, € dG*(y).
But, being the upper envelope of affine continuous functions, G* is convex and o(C”,C")-lower
semicontinuous, so that 5.1.d leads us to: y € 0G(x,) = 0G(x,). Therefore:

C-idom G* C | ] 9G(x).

zeC”

Thanks to (a) and (b), one concludes that: C-idom G* C {G'(z); x € dom G}.
Let us show (ii). By 5.1.b, we have

U 0G*(y) € dom G = dom G.
yedom G*

Together with (d) and (e), this yields: {G*(y); y € dom G*} C dom G.
Under the assumption (f), for any = € idom G, there exists y, € C” such that y, € OG(z). Thanks
to 5.1.d, since G is convex and o(C’,C”)-lower semicontinuous, we get: x € IG™(y,), therefore:

idom G C U 0G™*(y).

yedom G+
One concludes with (d) and (e) that: idom G C {G*;y € dom G*}. R
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Study of I'*. Let C be a vector space, C! and C¥ are its algebraic dual and bidual spaces. We
perform the embedding C C C*. Let I' : C + [0, +-0c] be a convex function such that I'(0) = 0. Let
us define the Legendre transforms:

I 1€ Chmsup{(l, f) = T(f)} € [0, +00]
fec

T:¢eC—sup{(&,1) —T*()} € [0, 400].
lect

Let us recall that if T is C-Gateaux-differentiable at § € C# . then f/(f) which is defined for all

fec by: ('), ) = lim F(§+tft) ~T(¢)

We are now ready to state the following results.

, belongs to C*.

Proposition 5.3. For any [ in idom T'*, there exists & € C# satisfying
& € 0eas T (1), 1€ 0p:T(&) and T*(1) = (&,1) —T(&).

In particular, if C-idom I’ = dom I' and if T is Gateaux-differentiable in the direction C on its

whole domain, we have

(5.1) 1=T(4) and
(5.2) (1) = (T'(&). &) — T(&).

If in addition T is strictly convex, then for all | in idom I'*, there exists a unique & € C* satisfying
the equality (5.1).

Proof. Apply the proposition 5.1 to (U,G) = (C*,I'*) and (V,G*) = (C*,T). Since I'* is convex,
thanks to the geometric form of the Hahn-Banah theorem, for all [ € idom I'*, there exists at least
one linear form & € C* such that: & € 9 T*(1). More, I'* is o(C*, C)-lower semicontinuous and
a fortiori o(C*,C*)-lower semicontinuous; therefore, one is allowed to apply parts (b) and (d) of
proposition 5.1, which give the first assertion of the proposition 5.3.

Then, one gets (5.1) and (5.2), noticing that when T is Gateaux-differentiable in the direction C at
£ 0sT() = {T' ()}

Now, let us check the last assertion of the proposition. Suppose that there exist distinct € and
¢’ such that &, € 9pu:I*(1). Then, (proposition 5.1.(d)) I € 9¢:T'(€) and | € 9p:T'(¢'). Since by
proposition 5.1.(e), T is the upper envelope of its affine lower bounds, it is affine on the segment
(€, ¢ (if not, Hahn-Banach theorem would lead to a contradiction). Hence, it is not strictly convex.
|

What we want now, is to compute f#. This computation relies on the following lemma.
Lemma 5.4. Suppose that there exists a norm || - || on C such that:
(5.3.a) there exists r > 0 such that sup{T'(f); || fll <7} < 1.
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Then,

dom I'* c C',
and T'* is || - ||*-continuous on idom I'*, where C’ is the topological dual of (C,|| - ||), endowed with
the uniform norm || - ||*.
If in addition,
(5.3.b) there exists t, > 0, such that inf{I'(f); || f|| =t} >0,
then
dom T c C”,

where C" is the topological bidual of (C,|| - ||).

Remarks. * In the next section, we shall apply this lemma choosing for (C, || -||) some Orlicz spaces
related to the functions 7 and 7* given by (3.8) and (4.3).
* The condition (5.3.a) implies that I is || - ||-continuous on the || - ||-interior of dom T

Proof. Let || - || satisfying (5.3.a) be given. Then, there exists r > 0 such that sup{T'(f); || f] <
r} < 1. Let [ be an element of C¥, then for all f € C and all a # 0

(I, f/a) <T(f/a) +T*(1)
and choosing a = || f||/r and a = —||f||/r if f # 0, one obtains

R )

(A< ———Ifll, vfec

so that if I'*(I) < oo, then [ belongs to C'.

Suppose now that (5.3.b) is satisfied. Let [ be in dom I'* C C’. Denote ¥ (t) = inf{I'(f); ||f]| =
t},t > 0 and ¢* its Legendre transform. Then,

(1) = ?}Elg{<l,f> -}
< sup{[lZ["[[f]] = T(f)}
fec
= sup{t|lil” — v()}
= ¢(IlU")-

But (5.3.b) implies that 1 (t,)/t, > 0 and that [0, (t,)/t,] is included in the domain of 1)*. Hence,
denoting 5 = ¢¥* (¢ (t,)/to) and U = {l € C"; ||I||* < ¥(to)/to}, we get

(5.4) supI™(l) < f < 0.
leUu
A consequence of (5.4) is that the convex function I'* is || - ||*-continuous on idom I'*.

28



_fo ifleU
Denote 3(1 | U) = { +o0o  otherwise
(5.4), for all I € C*, T*(I) < B+ (1 | U). Tt follows that for all £ € C¥,

. Taking the inclusion: dom I'* C C’ into account, thanks to

(5:5) T(§) > sup{(&,1) —o(1| U) — 5}

lect

= sup(¢, 1) — f,

leU
which completes the proof of the lemma. R

Let a norm || - || satisfying the conditions (5.3) of lemma 5.4, be given. Since, thanks to this lemma:
dom T' C C”, the study of T reduces to the study of its restriction to C”. Denote [ the convex
o(C,C*)-lower semicontinuous regularized of T

Proposition 5.5. Under the conditions (5.3), T is the convex |- ||-lower semicontinuous regularized
of T' and the restriction of T' to C" is the unique extension of I' to C" which is o(C",C")-lower

semicontinuous.

Proof. Because of proposition 5.1.e, I is the convex o(C*,C¥)-lower semicontinuous regularized

. ') if§ed
it
of the function § € C* — {—i—oo if €€\ C

dom T* C C' (lemma 5.4), it is clear that I' and T are respectively o(C,C’) and o(C"”,C’)-lower

semicontinuous. But, a convex function is o(C,C’)-lower semicontinuous if and only if it is || - ||

and T is the restriction of T to C. Since:

lower semicontinuous; therefore I' is the convex || - ||-lower semicontinuous regularized of T

Recall that the epigraph of the lower semicontinuous convex regularized G of a function G is
the closed convex hull of the epigraph of G. Since the epigraph of T is the o(C”,C’)-closure of

) " ') ifEeC
the epigraph of € € C ’_){+oo ifeec’\c’

Goldstine theorem ([Bré], lemme III.4) (see (6.7)) which states that C is o0(C”,C’)-dense in C”. ®W

the uniqueness of the extension follows with

We are now ready for the computation of the extension I',, of the function I',, given at (4.13).

6. Computation of T,.

In this section, p is fixed. If one chooses | - || = || - ||-,a, : the norm of L7([0,T] x (IR%)? x E, A,,),
the condition (5.3.a) is satisfied for I',, and it follows that (see (4.7))

(6.1) dom I € L7 ([0,T] x (IRY)? x E,A,,),

but (5.3.b) is not satisfied, on account of the asymmetry of the function 7; once again, we are faced
with the problem of the inequality (4.6) which is too coarse too solve (4.11). Hence, it will be
convenient to treat the positive and negative contributions separately. For this purpose, it will be
comfortable to consider in a first step the extension of I',, to the space C}, of all bounded continuous
functions on [0,7] x (IR%)? x E, which is given by

L(f) :/ 7(f)dAu, feC, with
[0,T]x(IR*)2x E
C = Ch.
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The function 7 is given at (3.8). Denoting fi = fV 0 and f- = (—f) V0 : the nonnegative and
nonpositive parts of the function f, we get

(6.2) L) =T(f+ = f-) =T+(f4)+T-(f-). f€Cy
where for any f € Cp,
= [ (1) dA
[0.T]x (IR4)2 x E

rn- |
[0,T]x(IR*)2x E
y(u)=7(-u)=u+e " =1, u>0.

V(I fD) dA,, with

The normed space (C,| - [|) = (Cb,| - |l+,a,) satisfies the conditions (5.3) for the function
Iy, and the normed space (C,||-||) = (Cb,[ - [[1,a,), Where [| - [[1,4, stands for the norm of
LY([0,T] x (IRY)? x E,A,,), satisfies the conditions (5.3) for the function I'_. Let us notice that

for this last function, the norm || f[|,,, = inf {c >0; /fy <f

c
since A, is a bounded measure. The lemma 5.4, (4.4) and the inclusion (L')’ C L, allow us to
state that

> dA, < 1} is equivalent to || - |1,a,,

domT* c L™ and domI; C L7,

(6:3) dom T'* C L™ and  dom T_ C (L*)'.

Because of (6.1), which is still satisfied by the function I'*, for all £, € Cgﬁ, we have:

g =&, = T(§) =T(¢)

where §, .~ is the restriction of £ to L™ . This allows us to denote I'(¢) = T(g,.~) and to introduce

the notion of nonnegative element of Cgﬁ :
ceCl (e >0Mel] ={leL™;1>0}.

Now, our aim is to show that the relation (6.2) extends to Cgu. This result is stated in proposition
6.3. Let us begin proving in proposition 6.1 and lemma 6.2, preliminary results for the proof of
proposition 6.3.

In proposition 6.1, the expression of I'* on Cg will be given. It could seem that our work to
obtain I'}, is almost done, but it is not true. Indeed, we wish to compute iu}g{(lu, ) —=Tu)}
€

where C = DC}! is a vector subspace of C}, which is not dense in L™ . Because of this, there exist
infinitely many functions K associated with [, by (4.7) and

[7,(1,) < inf {/T*(K) dA, ; K associated with [,, by (4.7)} .

The function 7* is given at (4.3). We are going to show that this inequality is in fact an equality.
Then, we shall solve the associated minimization problem using proposition 5.3; this requires the
computation of fﬂ.
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Proposition 6.1. The function I'* is defined for all | in Cg by

otherwise.

. 7*(1) dA ifle L™

Proof. Thanks to (4.6), the property 5.3.a is satisfied for || - || . It follows that, dom I'* € L™ and
that I'* is || -

r+-continuous on idom I'* (lemma 5.4).

Let [ € L™, we have:

(6.4) ) = sup [f = r(p)an,

fely

< [ sup {ia)u = ()} A, (do)

u€elR

_ /T*(Z) dA,, € [0, o).

If 1 € L™ and if A, (I < —1) > 0, then T'*(I) = +o0c. Indeed, there exists an open set U such that
A,(U) > 0 on which I < —1, A -almost everywhere. Taking advantage of the inner regularity of
A, and of Lusin theorem (Lusin theorem is valid in a metric space for a regular measure, hence in
a Polish space), one obtains the existence of a compact set k C U such that A,(x) > 0 on which
[ is continuous; in particular: supi(z) := o < —1. Let g € Cp be such that 0 < g < 1, g(z) =0, if

TER

x ¢ U and g(z) = 1if x € k. Notice that: v < =1, u < 0= uwv —7(u) =u(v+1)+1—e">0so
for any n > 1,

(1) > /U (—nlg — T(~ng)) dA,

> /(—nl —7(=n))dA,
> (—n(a+1)+1—e ")Au(k),

and letting n tend to infinity: I'*(l) = 4o0.

It follows that if T*(I) < +oo, then [7*(I)dA, < +oo. Indeed, if T'*(I) < +oo, then
f{lZO} 7*(1)dA, < 400 since | € L™ and f{lgo} 7*(l)dA, < +oo since A, is a bounded mea-
sure and we have just seen that [ > —1 A,-almost everywhere.

The converse is clear, thanks to (6.4), and we have

(6.5) dom I'* = {z eClle L and /T*(l)dA# < +oo} .

Let [ be a step function: [ = ZZ Ailly,, where \; > —1 and the A;’s are Borel subsets. For any ¢ > 0,

one approximates 4, by ¢f € Cy, as follows. Since A, is a regular measure, there exists a compact
set K7 and an open set U; such that K7 C A; C U7, A, (Us \ A;) <e/2 and A,(A; \ Kf) < ¢/2.
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One builds ¢5 € Cj such that 0 < ¢5 < 1, pf(z) = 1,Vo € Kf and ¢$(z) = 0,V & Uf. Defining
fo= 20 log(Ni +1)¢f

r = [ar - da,
2 S hitonh + 1) —rlog + DI =37 [ g (7] da,

> / (3 Aille) d, — max(Aslog(As +1)) 3 Au(UF \ K7)

7

Z/T*(Z)\z]le)dAucg
Z/T*(Z)\i]IAi)dA#—(m?XT*()\i))ZA“(Ai\Kf)—CE

> /T*(l) dA,, —2Ce.

As ¢ is arbitrary, it follows that: T*(1) > [ 7*(l) dA, and taking (6.4) into account, we obtain that
for any step function [ such that [ > —1 :

Let I € L™ be such that Jm*(l)dA, < +oo. Tracking the traditional proof for the everywhere
density of the step functions in LP, one shows that there exists a sequence (l,),>1 of | —
1, +oo[-valued step functions such that lim, .ol, = [ in L7, 0 < I, < [ on {l > 0}, A,-
almost everywhere and —1 < [ < [, < 0 on {l < 0}, A,-almost everywhere. Choose [ in
idom I'* in such a way that I'* is || -

r+-continuous at [ (lemma 5.4), this provides us with:
r“(l) = lim I'*(l,) = lim /T*(ln)dAM = /T*(l) dA,, (Beppo-Levi theorem).

Now, let [ be a boundary point of dom I'*. Since I'* is O'(LT*,CZ,)—IOWGI“ semicontinuous, it is
| - ||-+-lower semicontinuous and t € [0,1] + I'*(¢l) is convex and lower semicontinuous. But,
I'*(tl) < 400, ¥t € [0, 1], hence:
(1) = lim I* (#1) = lim / () dA, = / A, € [0,50)
11 t11
where the last equality is a consequence of Beppo-Levi theorem. Therefore, for all [ € dom I'*, we
get: T*(1) = [ 7*(1) dA,,. Together with (6.5), this completes the proof of the proposition. ®

Lemma 6.2. For any £,¢ in Cﬁﬂw we have
QLT* — g‘/LT* f(

.
foo =&oe = T(—

and for any £ € C'g’ﬁ+7

T = To©) = swf(6)-Ti0)  and
F-¢) = T = swp{{&)-T70)

leLs
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Proof. Denoting [ =1y —[_, for any £ € C’gﬁ_, one gets
(6,1) = (€,1-) —T*(Ly) —T*(1_); L € L7}
(€ 1) =T*(l4);1e L7}

= sup{(¢,)) —=T*(); L e LT}
(€0 -T"():;1e L™}

which yields
T(&) =sup{(&,1) —T*(1); L € LT }.
One also gets,
T (€) =sup{(&,1) =T (1); L€ LT }.
As in proposition 6.1, one shows that: I'} (I) = [7*(J1]) dA,., so that
T(¢) =T4(&) =sup{(&, 1) ~ T (1); L€ LT }, ve e CfF.

Similarly, one shows that

T(—¢) =T_(&) = sup{(&, 1) — T (I); € LT}, Ve € CFF,

One concludes thanks to (6.3). ™

We are now ready to prove the following proposition.

Proposition 6.3. For any ¢ in dom T, there exists at least a couple
(¢ C) € (G N LT, G 0 (L)
such that §re = (4,00 —C— and T(€) =T+ (¢4) + T ().
Proof. Let us begin showing that for any & € Cﬁﬂ,
(6.6) (364,6- € CFF, such that € =&, — &) = T(€) < T(& ) + T(—€ )

where it has been emphasized that T'(§,~) = ['(£),T

I(-
lemma 6.2, for any & € Cgﬂ_, ') =T(g,.~) and I'(—¢)
in BT =L7.

=) = T(=) when £ € C}¥, . Indeed, by
['(=&pe). But L™ N L* = L™ is dense

Let (uq) and (vq) be two filters in Cj, convergent with respect to the topology O'(Cgﬁ, C’g) with

(&+)
(—¢€-)

uo — &4 and  limD(uy) =

Vo — &-  and limI'(—v,) =

[e%

r
T for U(Cgﬁ,Cg).

We have u, — v, 7£+—§_ = ¢ and
f(f-ﬁ-) + f(_§—> = h;n(r(ua) + F(_Uoz))
> liminf I'(ug — vq)
>T(8),
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which is (6.6).
Let € € dom T, then one can find a O’(Cgﬁ, Cg)—convergent filter in Cy : (fo), such that f, — £ and

lim, T'(fo) = T(). But, fo = fif — f for some f, f, € Cp 4 such that I'(fo) = T(fF)+T(—f)-
Possibly refining the filter (f.F), () can be chosen in such a way that liminf,, T'(f]) = lim, T'(f).
Since I'(fo) = T'(fI) + T'(—f, ) is a convergent filter, one also gets liminf, I'(f;) = lim, I'(f7).

Thanks to (5.5), the filter (f,.~) is bounded in L™ and the filter (f, ,~) is bounded in (L*°)".
Refining the filter (f, .+, f4 ) one obtains the convergent filters:
[y — (¢ € L7 for o(L7,LT)
fope — Co € (L®)  for o((L>), L™).
@
Any continuous linear form on L7 being determined by its restriction to L, one obtains
T(¢+) =T(¢4y) and T(—¢-) = T(—(_ ). From the semicontinuity inequalities:
lim T(fF) = lminf (/) > T(C)
« «
limT(—f,) = liminf ['(—f;) > T(—(_),

it comes out that

For the last equality, notice that §,~ = (4, — (—,~ and use (6.6). We have just obtained
the existence of ((4,(_) € (Cgfﬁr NLT) x (Cgﬁr N (L*)") such that & = (40 — (oo and
T(€) =T(Cyypoe) + T(—C 0 ). One concludes by means of lemma 6.2. W

Since (L°°)’ is not a nice space, we still have to work: it remains to show that the nonpositive part
of an element of dom T is a function. During the proof of this result which is stated in lemma 6.4,
we shall invoke the following classical results of convex analysis.

(6.7) Goldstine theorem. For a normed vector space E, the canonical embedding E C E" is
o(E", E')-dense.

(6.8) A linear form on a topological vector space E is continuous if and only if it is o(E, E')-

continuous.

For (6.7), see ([Bré], lemme III.4) and for (6.8), see ([Bré|, théoreme III.9).

Lemma 6.4. For any £ € (L*°)', the restriction &, of  to C.. : the space of all continuous functions
with compact support in [0,T] x (IR?)? x E, belongs to L.

Denoting T'_ for the restriction of T_ to the space L' C (L>), we have

T oot {T-(6e)  if&e @y
I'_: 5 € Cb = {+OO otherwise.

34



More, if £, € L7 are such that & =&, , then T (§) =T (¢').

Proof. The first statement is a consequence of F. Riesz representation of the dual of C. and of
Radon-Nykodym theorem.

It has already been noticed at (6.3) that dom T'_ C (L®°)’.

Denote E> the space C, endowed with the norm of L. Denoting A —— B to mean that B is
the topological dual of A, we have

Eoo _/) Ll _’) Loo 4 (LOO)/,

with the duality bracket (f,h) = / fhdA,, for the two first arrows.

Of course, we have

I_(0) = li‘i&{w’l) ~T*()}, 6ell

But, C. is o(L>, L')-dense in L (by (6.7)), and for any # € L', the function | € L>®
0,1y —T* (1) is o(L*>°, L')-upper semicontinuous. Therefore, for any § € L',

r_(0) = f;lé’{(e’” - ()}

It follows that I'_ is o(L*, C,)-lower semicontinuous and convex.

On the other hand, ¢ € (L) + &, € L' is linear and o((L>), L*>)-0(L', C,)-continuous. It
follows that the function & € (L) + I'_ (&, ) is convex and o ((L>)’, L°°)-lower semicontinuous.

Thanks to (6.8), the elements of (L°°)" are linear forms on L which are o(L*°, (L°°)’)-continuous.
The subspace L' of (L)’ is the space of all linear forms on L> which are (L, L')-continuous.
Hence, both functions £ € (L) — T_(¢) and € € (L) — I'_(£e,) match on L'. On the other
hand, their epigraphs being o ((L>°)’, L°°)-closed, they are equal since L! is o((L>°)’, L>°)-dense in
(L*°)’. One deduces that T _ has the desired form.

Finally, the statement about I'y holds since C. is dense in L™ . ®

Proposition 6.5. Let us denote C.-A,, : the space of all the l € Cg of the form | = h - A, with
h € C., and also §c, .4, : the restriction of £ € C’gﬁ to Cc-A,,. Then, for any £,¢ € Cgﬁ,

§eenn = Gopn, = T(€) =T(¢).
Denoting L ;1 the set of all measurable functions f such that fi € L™ and f_ € L', we have

domT C {€ € CH*; ¢en, € Lan}.

Proof. It is a straightforward consequence of proposition 6.3 and lemma 6.4. ®

Theorem 6.6. Let the function I' on C}, be defined by
r:f ECbH/T(f)dAH € [0, 0ol
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The upper bound: T, of the convex and O'(Cgﬁ, Cg)—lower semicontinuous extensions of I' to Cgﬁ is
given, for all £ € Cgﬁ, by

¢ = f(f‘cc./\“), where for any 0 € (C, - Au)ﬁ’
r') = {/7(9) dA,  ifo€L;yand [77(e? —1)dA, < +o0
+00 otherwise.

Proof. For any measurable function h on [0,T] x (IR%)? x E, let us define the following [0, +00]-

valued functions
¢+(h):/7*(|h!)d/\u and 1/1(h)=/’7*(\h|)d1\u,

with v*(u) = 7*(—u), u > 0, so that

wh) = [ 70y = () + ().

For any function f € L., one defines

$*(f) = sup {{h ) / (h) dA,}.

heC.

As in the proof of lemma 6.2, one obtains

(6.9) VU(f) =L (f+) + 7 (f-), where
Vi(f) =sup{(h, f) =4 (h); h € Cc;h > 0}, and
V2(f) =sup{(h, f) = ¢¥_(h); h € Cc;h = 0}.

. * . . . *
~-continuous on L7 and since C, is dense in L7 , one gets

But, since 94 is || -

(6.10) i(f) = sup {(h, ) —vy(h)}, fel
heLz”
Similarly, since 1_ is || - ||so-continuous on C. and convex, it is o(C,, L')-lower semicontinuous.

But, thanks to Goldstine theorem (6.7), C, is o(L>°, L!)-dense in L®°. Therefore, taking (6.8) into

account,

VI (f) = sup {(h, f) =i (h)}, fell.

hELf
On the other hand, for any function h € Lf chf —71*(h) < 7(f), Ay-almost everywhere. Hence,
if f e L7, one gets: Vh € LT, (h, f) — ¢4 (h) < [ 7(f) dA,. Together with (6.10), this yields

(6.11) VL) = sup {0 f) =W} < [ 7(r)da,

heL?

More, 7(f) = hyf—7*(hy) with h; = ef —1. Therefore, if f € L7, one gets hy > 0 and if hy € L™ :

/ 7(f) dAy = (hy, £) — 4 (hy)
< sup {{h ) — by (h)}

heL?"
=3 (f)
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With (6.11), it follows that if f € L7 and ef —1 € L™, then ¢% (f) = [ 7(f)
One shows similarly that, if f € Li (hence 1 — e~/ € L°°) then w* (f) = ffy dA . Thanks to

(6.9), one obtains that for any function f € L ; satisfying / *(ef —1)dA,, < oo, one gets

(6.12) w0 = s {on) - [rman,} = [+ran,.

heC.

Therefore, the function ¢* is an extension of I'. Moreover, it is convex and o(L, 1, C.)-lower
semicontinuous, and a fortiori J(LTJ,LT* )-lower semicontinuous. Together with the proposition
6.5 and (6.7), it follows that for any ¢ € C¥*,

f(&) = {¢* (QCC‘Au) if g\cc./\# € L1

400 otherwise.

Because of (6.12), it remains to show that
(6.13) domy* ={feL.1;ef —1eL™}.

Thanks to lemma 5.4, one shows that 17 is ||| --continuous in the direction C.. Hence, one is allowed
to apply to it the proposition 5.2.(i) to obtain: Cec-idom ¥% C {9/ (h); h € L™} C dom Y. One
shows similarly that C.-idom * C {¢”_(h); ||h]lec < 1} C dom 9* . Together with (6.9), this yields

Ce-idom ¢* C {¢'(h); hy € L™ ,h_ < 1} C dom t*.

For any A C L;;, denote Ce-icor A = {z € A;Vh € C.,3t > 0,[z,z + th] C A}. Since
{/(h); hy € L7 h_ < 1} = {log(h +1);h € LT ,h > -1} ={g € L,1;¢9 —1 € L™ } and
S:={f€L,i;ef —1€ L7 }isequal to Cicor S, and (L, )\ S is equal to Ce-icor ((LTJ) \ S),
one deduces (6.13). This completes the proof of the theorem. ®

Let us consider now, the extension of the function I' which we are interested in, whose domain is
a subspace C of Cj,.

Denote N7 : the closure in L7 of C for the topology (L7, L™ ), and N! : the closure in L' of C.
Denote N, the set of all functions f whose nonnegative part f, is in N7 and whose nonpositive
part f_ isin N1,

Corollary 6.7. Let the function I'c on C C C} be defined by
Te: f ECH/T(f)dAM € [0, 00].
The upper bound: T¢, of all the convex and o (C*, C*)-lower semicontinuous extensions of I'c to C%
is given, for any ¢ € C*#, by
Te(€) = fc(g‘c,,\“), where for any 6 € (C - A#)ﬁ,

Te(6) = { /7(9) A, if € Ny and [7%(e? —1)dA, < 40,

+00 otherwise.
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Remark. The result still holds with (C. NC) - A, instead of C - A,,.

Proof. Let us fix some notations. One chooses a space £ supplementary to C in Cj. One has the
following decompositions and identifications:

Cb = C@ga
¢! = cleegt, ct o~ &L
cif = cttaectt ctt ~ bt

L) iffec . So that for

It will be of practical use to consider the function I', : f € Cp — { g otherwise

any [ € C’g :
L5(l) = sup {(L, /) = To(f)} = ?}égﬂl’f) —Te(f)} =Te(le)

fely
= sup ({Ts2 1), ) = T(1)) = (e 1),

where Ilg. is the projection in C’g on £+ parallel to C. Hence, for any [ in C’g,
(6.14) Io(l) = Te(le) = T (e (1))-
For any ¢ € Cgu, we get
To(8) = sup{(&,1) —T5(1)}
lect

= sup{(6,1) ~T* (e ()} (with (6.14))
1ect

= sup  {(& 1) + (& L) — T (L)}

l1 cEL ,l2 eCt
sup {(&,1) ~T*()}  if ¢ € CL =0
= legt
+o00 otherwise.

But, by (6.14), we have
sup {(§, 1) —=I"(1)} = sup {{§ez, le) —Te(le)}

leg+ leg+

= sup{(§es, 1) —Tc(D)}

lect
= fC (f\cﬁ )
On the other hand, if ¢ € C*# ~ C++ and if ¢ is geometrically interior to dom T,

To(§) = sup{(£,1) = T5(D)}

1eCt

= sup{(f,w — F*(HSJ- (l))}

lecy

= sup{(¢, 1) —I"(1)}

lect

= sup{(§, ) —I"(1)}

e
=T(9)
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since, thanks to proposition 5.1 : € € deusi(le) <= le € 9p:s (&) = ¢ € CP.

Therefore, T'¢ is a restriction of T.

Hence it is o(C*#, L7 — L°)-lower semicontinuous and dom I'¢ C (C¥ NdomT) C (C¥ N L, 7).
By Goldstine theorem ((6.7)), it is the unique extension of T'¢ to C* N L,; which is o(C¥* N
L,1,C* N (LT — L%°))-lower semicontinuous and convex. It follows that T'c is the restriction of
T to C* and that its domain is included in N1 (notice that the closure of C with respect to the
topology o (L', L>) is also its closure with respect to || - ||1). Indeed, in restriction to L7 (resp. L!)
the biorthogonal C++ of C coincide with the bipolar (hence the closed convex hull) of C for the
topology o(L™, L") (resp. o(L', L>°)). One completes the proof of the corollary with theorem 6.6.
|

7. Non-variational formulation of the rate function

Before stating, in theorem 7.1, the non-variational formulation of J(u) (see (3.9)), let us recall
(v+1)log(v+1)—w ifv>-1
some notations. The function 7 is defined by 7*(v) = ¢ +1 ifv=—1 the
400 ifv<—1,
“Kullback information” of the nonnegative measure a with respect to the nonnegative measure J is
defined by: I(a | 8) = [7* (Z—g — ) df. For any u € Dy, we have defined the nonnegative

measure on [0,7] x (IRY)? x E : A,(dtdzdz'dAdA’) = %E(z,z’,dAdA’),u,?g(dzdz’) dt where
E is the set of all the jumps of the biparticles and for any f € Cl : Df(t, 2,2/, A, A') =
f(taZ+A) —f(t,z)—l—f(t,z’—i—A’)—f(t,z’).

Notice that for any measurable function K : [ 7%(K)dA, = I((K +1)- Ay | Au)-

Theorem 7.1. (Non-variational formulation of J). A path p € Dy, is such that J(u) < 400

if and only if there exists a measurable function K : [0,T] x (IR%)? x E — IR such that p is a
solution to the Boltzmann weak equation (see (1.6))

(7.1) (0 + Ara(pe)) fope) = 0, Vf € CH([0,T] x IRY)

with
Agi(p)f(z) = | {f(z+A)—f(2)} (/ Lr(t, 2,2, x dA") ut(dZ')> (dA),
(A) (z,A")

Lr(t,z, 2", dAdA") = (K(t, 2,2 AAY) + 1) L(z, 2, dAdA")
and

(7.2) 7" (K)dA, < +oo,

/[O,T] X (IR%)2x E
(hence K > —1, A, -almost everywhere).
In such a case, there exists a unique (up to A,-almost everywhere equality) measurable function

K = K, which satisfies both (7.1) and (7.2), and such that

(7.3) inf I((Ku F1) A, | e Au) —0.
fecy?
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Moreover,
(7.4) T = [ 7 ) an,

= inf {/T*(K) dA, ; K measurable function satisfying (7.1)} .

Remarks. * In particular, if £ is the Lévy kernel of equation (1.4) and if u € Dy, is such that J(u)
is finite, since L, is absolutely continuous with respect to £, the conservation equations (1.2) and
(1.3) still hold for u.

* Notice that the nonnegative function K, 4+ 1 may vanish on some measurable subset of
[0,7] x (IR))? x E.

Proof. We have already seen in section 4, that with [, and I', given by (4.5) and (4.13), one
writes: J(p) =17, (1)

Let u € Dy, be such that J(u) < oo. Denote C = DC}' and I =T',,. Applying the corollary 6.7,
one obtains that the upper bound: T, of the extensions of I" to C* which are convex and o (C*, C*)-
/T(f) dA, if €€ Ny and [7%(ef —1)dA, < +o0
—+00 otherwise,

where ¢ and & € C* are identified whenever & ,, = §e.a,- With this identification, T is strictly
convex. More, C-idom I' = dom I' (a priori C-idom I' C dom I'), I is Gateaux-differentiable in the

lower semicontinuous is given by T'(£) = {

direction C on dom I and for any & € dom T :

Interior case. Suppose that [, € idom I'*.

Applying the proposition 5.3, one gets the existence of a unique {, € dom T satisfying (5.1), that
is: Lu(f) = / Df (e5 —1)dA,,Vf € C11. More, (5.2) is: I*(l,,) = / <(e£" ~1)e, —T(gu)) dA,,

= /T*(eg*‘ —1)dA,,. Taking (4.5) into account and defining K, = €% — 1, we obtain (7.1) and
(7.2) with K = K, as well as the first equality in (7.4).

Boundary case. Suppose that I, € dom I'* \ idom I'*.
Then, there exists I; € idom I'* such that [l;,{,] C dom I'*. Let us set [,, = %ll + "T_ll

Since I'* is convex and lower semicontinuous, we have

w > 1

(7.5) lim T*(1,) = I* (L)

For all n > 1, 1,, is interior and we have just seen that there exists K,, such that for any f € 1!

I(f) = /DfKn dA,, and

(7.6) I*(1,) = / 7 (Ky) dA,.

-1 -2
As l, = 2l — Iy, with K, = 2K, — K, we obtain that for any n > 1, Kn:2n Ky — i Ky

n n
and: [, (f) = [ Df K, dA,, Vf € C}', which is (7.1) with K = K,,.
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Considering (4.7), K; and K belong to L™ ([0,T] x (IRY)? x E, A,,) so that | K| < 2|Ks|+ |K;| €
LT*([O,T] x (IR%)? x E,A,). This allows us to apply Lebesgue bounded convergence theorem,
to get: HILHSO/T*(K”)dA“ = /T*(KM)dAM. It comes out that with (7.5) and (7.6), one gets
r*(l,) = [7*(K,)dA,, (which is (7.2) with K = K,) as well as the first equality in (7.4).

Now, let us look at the converse part of the statement. Let u € Dy, . Thanks to (4.9), one shows

as in (4.10), that for any measurable function K > —1 associated with p by (7.1), one obtains:
J(u) < [7*(K)dA,,. Therefore

(7.7) J(1) < inf { / (K)dA, ; K satisfies (7.1)}

and if there exists K satisfying (7.1) and (7.2), we have J(u) < 400. In such a case, it is already
proved that there exists K, satisfying (7.1) such that J(u) = /7’* (K,)dA,. Together with (7.7),
this provides us with the second equality in (7.4).

Finally, (7.3) is a consequence of (4.10) and the uniqueness of K, comes from the strict convexity
of the function K +— [ 7*(K)dA, which is minimized on the convex set {K ; K satisfies (7.1)}.
This completes the proof of the theorem. M

Let us recall a notion introduced by D.A. Dawson and J. Gartner in [DaG]. Let D denote
the Schwartz space of test functions IRY — IR with its usual inductive topology and D’ the
corresponding space of real distributions. For each compact set x C IR? let D, be the subspace of
D consisting of all test functions with their support in «.

(7.8) Definition. ([DaG|). A map u(:): [0,T] — D’ is called absolutely continuous if for each
compact set k C IR? there exist a neighbourhood U, of 0 in D,, and an absolutely continuous
function H,; : [0,T] — IR such that

{9, p(w)) = (g, p(W))| < [Hy(u) = Ho(v)| YO < w0 < T, Vg € Uy

It has been proved in ([DaG], lemma 4.2) that for any absolutely continuous map p(-) : [0,7] — D’
and any ¢ in D, (g, u(+)) is absolutely continuous and that the derivative in the distribution sense

jlt) = Jim [t + ) — p(1)]

exists for almost all 0 < ¢ < T.

Proposition 7.2. If a relaxed path u € M, is such that J(u) < oo, then it is absolutely
continuous in the sense of (7.8). In particular, it belongs to Dy, .

Proof. Notice that for all 0 < s <u < T, and f € C!'! such that f(u,-) = f(s,-) = 0, as in the
proof of theorem 7.1, one gets

/] 450, = / T, o (K, + 1)Df dA,
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(a priori K, should depend on s and u, but one can check that it does not, see ([DaG], (4.29))).
The absolute continuity follows from Hélder’s inequality (see (4.2)):

’/ 1, (K, + 1)Df dA,,

< 2| G /IDf| |+ VDA

Notice that K, belongs to L7 and that Df has a compact support in [0, 7] x (IR%)? x E, so that
(K, + 1)\/|Df| belongs to L™ and 5 v/ |Df| belongs to L7. This completes the proof of the
proposition. MW
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